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Abstract

In this paper, we develop a mathematical tool that can be used to state necessary conditions of
asymptotic stability of isolated stationary solutions of a class of unilateral dynamical systems. More
precisely, nonlinear evolution variational inequalities are considered. Instability criteria are also given.
Applications can be found in mechanics or electrical circuits.
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1. Introduction

The stability of stationary solutions of dynamical systems constitutes a very impor-
tant topic in Applied Mathematics and Engineering. It is well-known that in the case of a
large class of nonlinear differential equations, the spectrum of “linearized” operators de-
termines the Lyapunov stability or instability of an equilibrium. This is known as the Lya-
punov’s linearization method [28,27,34]. However, many important problems in engineering
(see [4,10,11,14,13,17,29,33]) involve inequalities in their mathematical formulation and
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consequently possess intrinsic nonsmoothness which cannot be removed by change of co-
ordinates, or by feedback. The models corresponding to such problems are called unilateral
dynamical systems or nonregular dynamical systems. A large class of unilateral dynamical
systems can be represented under the formalism of evolution variational inequalities, see
e.g. [3,14,13]. The question of stability of stationary solutions of evolution variational in-
equalities is much more complicated to be investigated, as it is the case in general for hybrid
dynamical systems, see e.g. [20,21].

The research efforts to develop general mathematical approaches to study stability of
stationary solutions of evolution variational inequalities are relatively new. It seems that
the first contribution acting in this sense was made by Quittner [23,25,24] for a class of
parabolic variational inequalities in Hilbert spaces. More recently, Lyapunov approach and
Krakovskii—LaSalle invariance theory have been generalized to evolution variational in-
equalities and corresponding unilateral dynamical systems (see [1,12,6,8,15,22] and the
references cited therein). In [12] sufficient conditions for stability of linear evolution vari-
ational inequalities have been derived, and we now propose to study necessary conditions.

Our aim in this paper is to state necessary conditions of asymptotic stability for a class
of unilateral dynamical systems. More precisely, we consider the problem: Let ¢ : R" —
R U {400} be a proper, convex and lower semi-continuous function. Let F : R" — R" be
a nonlinear continuous operator. Let xo € R" be given. We consider the problem P (x¢):
Find a unique continuous mapping ¢ + u(¢) such that

d
S e L22(0, +00; RY), )
dr

u(t) € D), Vr=0, 2)

<c(11—b;(t) + F(u(t)),v— u(t)> + @) — @u())=0, YveR", ae t=0 3)

and
u(0) = xg. “4)

The variational inequality in (3) can also be formulated as the set-valued differential equation

3—:(;) + Fu(t)) € —0pu(r)), ae.t>0, (5)

where 0¢ denotes the subdifferential of ¢. It is assumed that F(0) € —0¢(0) i.e. the origin
0 of the system is a trivial stationary solution of (5).

If @ = 0 then (5) reduces to a standard system of differential equations and it is well
known (see e.g. [19]) in this case that if O is an isolated zero of F and is asymptotically
stable, then there exists p, > 0 such that

deg(Fa pr 0) = 19 vp € (07 ,0()]7

where deg(F, B,, 0) denotes the Brouwer degree of F* with respect to the open ball B, :=
{x € R" : |lx|| < p}and 0.
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Our goal in this paper is to generalize this famous result to the model in (4) and (5). More
precisely, let us define the mapping A as

Ax) =x — Pyp(x — F(x)),

where Py = (idp» + 0¢)~! and idg~ denotes the identity mapping on R". We will prove
that if 0 is an isolated zero of A and is asymptotically stable, then there exists pg > 0 such
that

deg(A, By,0) =1, Vp e (0, pyl.

This result constitutes the main result of the paper and is given in Theorem 5.

In Section 2, we recall the fundamental properties of the Brouwer degree we will use in
this paper. In Section 3, we discuss the main properties of the operator P, In Section 4, we
present a concise review of some recent results in stability theory of unilateral dynamical
systems. In Section 5, we introduce the Poincaré operator associated to problem (5). In
Section 6, we prove our main result.

In this paper, we develop also several approaches to compute the number deg(4, B,, 0).
If A can be easily evaluated then a first approach consist to use some practical results
of degree theory to compute deg(A, By, 0) (see Section 6). The approach is of partic-
ular interest if ¢ = ‘PR:, with ‘I’Rgr denoting the indicator function of R}, since in
this case:

A;(x) =min{x;, F;(x)}.

This case is of particular interest for the study of complementarity dynamical systems [16].
More generally, if ¢ = ¥ where K denotes a closed convex set, then we develop

a second approach (see Section 7) that uses a result of Quittner [24] which reduces the

computation of deg(A, By, 0) to the one of deg(A., By, 0) where A, is defined by

Ap(x) =x — Pgy(x — Jr(0)x),

where Ky is the closed convex cone defined by Ky = Um>0 oK and Jg(0) denotes the
Jacobian matrix of F at 0.

If ¢ is a convex and continuous function then we develop a third approach (see Section
8) by showing that deg(A, B, 0) can be computed by using some appropriate “Lyapunov
function”.

The case of linear complementarity problems is discussed in Section 9. Finally, in Section
10, using our main result together with recent invariant results (see [1]), we prove some
instability theorems.

Several examples and applications are given so as to illustrate the theoretical results.

Notations. In the sequel the scalar product on R" is denoted by (-, +) (with the associated
norm | - ||). For r >0, we set B, := {x € R" : ||x|| <r}. Then B, = {x € R" : | x| <r}
and 0B, ={x e R" : ||x||=r}.
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The identity mapping on R" is denoted by idp». Let K be a nonempty closed convex
subset of R". The dual set of K is defined by K* := {w € R" : (w,x)>0,Vx € K}. The
recession cone of K is defined by Ko := J;- (1/4)(K — xo) where xg is any element of
K. We denote by i) - the indicator function of K, i.e. g (x) =0if x € K and {f (x) =400
ifxé¢K.

For a function V € C!'(R"; R) we denote by V'(x) the gradient of V at x € R".

We denote by d(s, .#) the distance from a point s € R” to a set .# C R", that is
d(s, M) :=infyec ylls —m].

2. Preliminaries on topological degree theory

Let D C R" be an open and bounded set. Let f € C!'(D; R") N C%(D; R") be given.
Set Ap(D) :={x € D : f(x)=0}and By(D) :={x € D : det Jy(x) =0} where J7(x)
denotes the Jacobian Matrix of fatx defined by (J¢);; := (0f;/0x;)(x),i, j € {1, ..., n}.If
Ar(D)NBf(D)=Pand0 ¢ f(OD) then A (D) is a finite set and the Brouwer topological
degree of f with respect to D and 0 is well-defined by the formula

deg(f.D.0)= > sgn(det J;(x)),
x€Af(D)

where sgn(¢) = 1 for t > 0 and sgn(t) = —1 for t < 0. More generally, if f : D — R" is
continuous and 0 ¢ f(0D) then the Brouwer topological degree of f with respect to D and
0 is well-defined (see e.g. [18]) and denoted by deg(f, D, 0).

Let us now recall some properties of the topological degree we will use later in
this paper.

1. If 0 ¢ f(0D) and deg( f, D, 0) # 0 then there exists x € D such that f(x) =0.

2. Letg : [0, 1] xD — R (1, x) > ¢(Z, x), be continuous such that, foreach 4 € [0, 1],
one has 0 ¢ ¢ (4, 0D). Then the map 4 — deg(p(4,.), D, 0) is constant on [0, 1].

3. If 0 € D then

deg(idp», D,0) = 1.
4. If0¢ f(OD) and o > O then
deg(of, D, 0) =deg(f, D, 0)

and
deg(—oaf, D,0) = (—1)"deg(f, D, 0).

5. Let D" C D be an open set such that A (D) C D’. Then
deg(f, D, 0) =deg(f, D', 0).

6. Let A € R™™" be a nonsingular matrix. If 0 € D then deg(A., D, 0) = sgn(det A).
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7. Let f : [—r, +r] — Rbe a continuous function. Suppose that f(—r) # Oand f(+r) #
0. Then

deg(f,1—r,+r[,0)=0 if f(—r)f(+r)>0,
deg(f,1—r,+r[,0)=+1 if f(—r)<Oand f(4r)>0,
deg(f,1—r,+r[,00=—1 if f(—r)>0and f(+r) <O0.

3. Generalized projection operator and its inverse

Let ¢ : R" — R U {oo} be a proper, convex and lower semi-continuous mapping. We
denote by dom{¢} the domain of ¢, i.e.

dom{p} :={x € R" : p(x) < + oo}.
We denote by O¢ the convex subdifferential of ¢. Recall that
0p(x) ={w e R": p(v) — @(x)={(w,v —x),Vv € R"}.

We denote by D(O¢) the domain of O¢ and by R(0¢) the range of 0¢, i.c.

D@g) :={x € R" : 8p(x) #0}). R@¢) = | J dp(x).

xeR"

Recall that
D(©@¢) C dom{¢p} C DOp). (6)

Let y € R" be given. We consider the variational inequality problem: Find x € R" such
that

(x=y,v=x)+ ¢ —px)=0, VYveR" @)
Problem (7) has a unique solution (see e.g. [14,30]) that we denote by P, (y). The operator

Py :R" = R"; y = Py(y)
is thus well-defined. It is clear that

Py(R") C D(0¢) (8)
and

Py(y) = (idgr +09) ' ().

If ¢ = Yx where K is a nonempty closed convex set and Yx denotes the indicator
function of K, then

Py = PlﬁK = Pk,
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where Px denotes the projection operator onto K which is defined by the formula

lx — Pgx|l = min [lx —w].
wek

Let @ : R" — R" be a continuous mapping and consider the inequality problem: Find
X € R" such that

(P(x), v — %)+ o(v) — p(X) =0, VveR" )
It is clear that problem (9) is equivalent to the nonlinear equation: Find X € R” such that

X — Pp(x — P(x)) =0. (10)
Proposition 1. The operator P, is nonexpansive, i.e.

[Popv — Ppyll<llv—yll. Vv,ye€R"

Proof. Let v, y € R" be given. We set x := Py, (v) and x* := P,(y). We have

(x—v,w—x)+ ow) —ex)=0, YweR" (11
and

x* =y, w—x"+ow) — ex*)>0, YweR". (12)
Setting w := x* in (11) and w := x in (12), we obtain the relations (x — v, x — x*) —

e(x*)+ @(x)<0and —(x* — y, x —x*) — @(x) + @(x*) <0, from which we deduce that
lx — x*2< llx — x*|||lv — y]. It follows that

[Pp(v) = PoWII<Iv—yl. O

Let us now denote by .«7, : R" — 2R the set-valued operator defined by

Apx)={f eR": (x = fv—x) + o) — (x) >0, Yv € R"}. (13)
We see that

A5 (f) = Pp(f). (14)
It is also easy to see that

(tA ) (tf) = Py(f), Vi>0. (15)
Note that

2
A p(x) =0 {% + (p(.)} (x), VxeR",

so that .7, is maximal monotone. It results that for any ¢ > 0, the operator (idg» + 7.9/ (,,)*1
is a well-defined single-valued operator.
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4. Unilateral dynamical systems
Let us first recall a general existence and uniqueness of solutions result (see e.g. [15]).
Theorem 1. Ler ¢ : R" — R U {+00} be a proper, convex and lower semi-continuous
function. Let F : R" — R" be a continuous operator such that for some @ € R, F + &I

is monotone. Let xo € D(0¢) be given. There exists a unique u € C°([0, +00); R") such
that

d

T € Lis(0, 400 BY), (16)
u is right-differentiable on [0, +00), (17)
u(t) € D@p), V=0, (18)

<%(r> + Fu(t). v - u(t>> + o) —eu®))>0, YveR' ae. >0, (19
u(0) = xo. 20

Remark 1. Suppose that F : R" — R" can be written as
F(x)=Ax+ ®'(x) + Fi(x), VxeR",

where A € R™*" is a real matrix, @ € C!(R"; R) is convex and F7 is Lipschitz continuous,
i.e.

IF1(x) — FIII<kllx =yl Vx,y e R,
for some constant k£ > 0. Then F is continuous and F' + @/ is monotone provided that

w>= sup (—Ax,x)+k.
lxl=1

The variational inequality in (19) can also be written as the differential inclusion

i—?(r) + F(u()) € —0¢p(u()), ae.t>0. 21)

Suppose that the assumptions of Theorem 1 are satisfied and denote by u(.; x¢) the unique
solution of Problem P (xg) (see (1)—(4)). Let us here also denote by ¥ (F, ¢) the set of
stationary solutions of (19), i.e.

FL(F,p)={k e R" : (F(X),w — X) + o(w) — ¢(¥) >0, Vw € R"}.
Note that
L (F,0)={x e R" : X = Py(x — F(¥)}.
For xo € D(0¢), we denote by y(xo) the orbit

y(x0) = {u(t; x0); 1=0}.
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Let us now assume, without loss of generality, that the trivial solution O is a stationary
solution of (19), i.e.

F(0) € —0¢(0). (22)
Then
u(.;0)=0.

We may now define as in [15] the stability of the trivial solution. The stationary solution
0 is called stable if small perturbations of the initial condition u(79) = 0 lead to solutions
which remain in the neighborhood of 0 for all # >0, precisely:

Definition 1. The equilibrium point x = 0 is said to be stable in the sense of Lyapunov if
for every & > 0 there exists # = (&) > 0 such that for any xo € D(0¢p) with ||xq|| <# the
solution u(-; xg) of problem P (x¢) satisfies ||u(?; xo)|| <¢&, Vi =0.

If in addition the trajectories of the perturbed solutions are attracted by 0 then we say
that the stationary solution is asymptotically stable, precisely:

Definition 2. The equilibrium point x = 0 is asymptotically stable if (1) it is stable and
(2) there exists ¢ > 0 such that for any xg € D(0¢p) with |lxg|| < the solution u(-; x¢) of
problem P (xq) fulfills

lim lu(z; xo)|| = 0.
t——+00

Definition 3. The equilibrium point x = 0 is unstable if it is not stable.

The following result generalizes to unilateral systems the Lyapunov’s direct method. The
approach makes an essential use of some auxiliary function V € C'(R"; R).

Theorem 2 (Goeleven et al. [15]). Suppose that the assumptions of Theorem 1 together
with condition (22) hold. Suppose that there exists 6 >0and V € C LR, R) such that

(1) V(©0)=0;
(2) V(x)>0,¥x € D(@@) N By, x #0; B
(3) (F(x), V(X)) + ¢(x) — @(x — V'(x)) =0, Vx € D(0¢p) N B;.

Then the trivial solution of (16)—(19) is stable.

Remark 2. (i) Assumptions (1) and (2) in Theorem 2 ensure the existence of a mapping a :
[0, 6] — Rsatisfyinga(0)=0and a(r) > 0, Vt € (0, g] and such that V (x) Za(||x|), Vx €
D(d¢)N B,. The mapping a(.) defined by a(r)=inf{V (x) : r < ||x|| <@} (r >0) is suitable.
(ii) Assumption (3) in Theorem 2 implies that (F(x), V'(x)) + (w, V'(x)) >0, Vw €
dp(x), Vx € D(@¢) N By.
(iii) If K denotes a nonempty closed convex set and ¢ = Y, then assumption (3) in
Theorem 2 implies that (F (x), V/(x))>0,Vx € KNByandx —V'(x) € K,VYx € KN B,.
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This last expression ensures that —V’(x) € Tk (x), Vx € 0K N B which characterizes the
level sets of V with respect to the boundary of K.
(iv) A more general version of Theorem 2 is given in [15].

Let V € C'(R"; R) be given. We set
E(F, @, V) :={x € D@¢) : (F(x), V'(x)) + p(x) — p(x = V'(x)) =0}.  (23)
Recall here that a set & C D(0¢) is invariant provided that
X0 € I = y(xg) C Y.

We recall arecentresult that generalizes to unilateral systems the famous Krakovskii—LaSalle
invariance principle.

Theorem 3 (Invariance Theorem, Adly and Goeleven [1]). Suppose that the assumptions
of Theorem 1 hold. Let ¥ C R" be a compact setand V e C'(R"; R) a function such that

(1) @) — @(. = V'()) is lower semicontinuous on D([©¢) N ¥,
(2) (F(x), V(X)) + @(x) — ¢p(x — V'(x)) =0, Vx € D@¢p) N ¥;
(3) D(Qg) is closed.

We denote by M (F, @, V, V) the largest invariant subset of & (F, ¢, V)NY. Then for each
xo € D) such that y(xg) C W, we have

lim d(u(t; xg), 4 (F, @, V,¥))=0.
T—+00

5. The Poincaré operator

Let T > 0 be given. Theorem 1 enables us to define the one parameter family {S(¢) :
0<t < T} of operators from D(0¢) into R", as follows:

Vy e D@¢p), S@t)y=x(t;y), (24)
x(.; ¥) being the unique solution on [0, T'] of the evolution problem P (y). Note that
Vy € D(@¢), S0)y=y.

According to (24), the unique solution of problem (16 )—(19) satisfies, in addition, the
periodicity condition

u(0)=u(T)
if and only if y is a fixed point of S(7'), that is
S(T)y=y.

Thus the problem of the existence of a periodic solution for the evolution problem (16)—(19)
is reduced to that of the existence of a fixed point for S(7"). The operator S(T') is called
“Poincaré Operator”.
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Lemma 1 (See e.g., Showalter [30]). Let 0<t) <t < 4+ 00 be given and let a,b €
Li(t1, 1; R) with b(t) >0 a.e. t € [t1, 12]. Let the absolutely continuous function w :
[t1, 2] — Ry satisfy
dw 5
(1— oc)a(t)ga(t)w(t) +b(@®)w”(t), a.e.telt,n],

where 0< o< 1. Then

‘ t
w! =) <w! " (ry)el O 4 / e @ dpsyds, Vi€, nl.
3]

Theorem 4. Suppose that the assumptions of Theorem 1 hold. Then for 0<t; <t <+ 00,
y, 2 € D(a(/)), we have

IS(12)y — S(t2)zll < V2R || S(1)y — S(t)z]l-

Proof. Let0<1t <t <+ 00, y,z € D(0@) be given. We know that

<;—IS(t)y + F(S®)y), v — S(t)y> + o) — @(S®)y) =0, VveR" ae t>0
(25)

and

<§7S(”Z +F(S®2) h — S<¢>Z> o) — o(S(12), YheR", ae. 130. (26)
Setting v = S(¢)z in (25) and h = S(¢)y in (26), we obtain the relations

_ <%S(r)y + F(S@)y), S(t)z — S(t)y> — p(S(1)2) + o(S(t)y) <0, ae. t=0
and

<C%S(t)z + F(S()z), S(t)z — S(t)y> — p(S()y) + p(S(1)2) <0, ae. t>0.
It results that

d
<E(S(t)z —S®)y), Sz - S(t)y> <aISW)z = SOy = ([F + dI(S()z2)

—[F + oll(S@)y), S(t)z — S(t)y)
a.e. 1 >0.

Our hypothesis ensure that F 4 @/ is monotone. It results that

d )
a||S(t)z — SOYI?<20|S(1t)z — S(H)yl>, ae. t>0. (27)
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Using Lemma 1 with w(.) :=||S(.)z — SOYI% a() :=20,b()=0,0=0, we get
I1S(t2)z = Sa)YIP < [IS(t)z — Sy [P,

The conclusion follows. [

A consequence of Theorem 4 is that

ISy — Szl <Ve*® |y —zll, Vy,ze D@¢), 1[0, T].

The Poincaré operator S(T) : R* — R";y — S(T)y is thus Lipschitz continuous on
D), i.e.

IS(T)y — S(Mzl <ve*®Tlly —zll, ¥y, z € DOg). (28)

Remark 3. (i) Note that if F is continuous and monotone then (28) holds with @ = 0. In
this case, the Poincaré operator S(7') is nonexpansive on D(0¢).
(i) If F is continuous and strongly monotone, i.e. there exists « > 0 such that

(F(x) — F(y),x —y)=alx — ylI*, Vx,yeR"

then (28) holds with @ = —o < 0 and the Poincaré operator S(T') is a contraction on D(0¢).

6. Necessary conditions of asymptotic stability

We suppose that:

(hy)) @ :R" - RU {+00} is convex and lower semi-continuous;

(hp) D(Qg) is closed;

(h3) 0 € D(0);

(hg) There exists a neighborhood .4 of 0 and a constant C; > 0 such that

[p(x1) — @(x2)| < Cillx1 — x2ll,  Vx1,x2 € A Ndom{e}.

Condition (hy) together with (6) ensure that D(0¢) = dom{p}. Thus D(O¢) is also
convex. The projection operator Ppag) onto D(0¢) is well-defined. Recall that

P[2)(6(p) = Pp@g)-

I Pp@p)x — Ppegyyll<lx —yll, Vx,yeR"
and

(Pp@g)x — X, w — Pp@pgp)x) =0, Yw € D(0¢).
We suppose also that

(hs) F : R" — R"isacontinuous operator such that for some @ € R, F+®]I is monotone;
(hg) F is locally Lipschitz at 0.
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Finally, we suppose that

(h7) 0Ois an isolated stationary solution of (19), i.e.
0= Py(—F(0)
and there is a neighborhood ¥~ of 0 such that
x # Pyp(x — F(x)), Vxe7\{0}.
Note that the relation in (29) can also be written as
(F(0), w) + p(w) — @(0) =0, VYw e R".
Let us now define the continuous mapping A4 : R" — R" by

A(x) == x — Pp(x — F(x)).

(29)

(30)

€29

If (hy) is satisfied then for r > 0 small enough, deg(A(.), B,, 0) is well defined and

constant. We set

{(A,0) := deg(A(.), B;,0) for r >0 small enough.

(32)

Remark 4. If n = 1 then {(A, 0) can be computed by using property 7 (see Section 2) of

degree. More precisely,
{(A,00=0 if A(=r)A(+r) >0, for r >0 small enough,
{(A,0) =41 if A(-r) <0 and A(+r) >0, for r >0 small enough,
{(A,0)=—1 if A(—r)>0and A(+r) <0, for r >0 small enough.

Example 1. (i) Let /' and ¢ be defined by F(x) = 2x and ¢(x) = ¥, . Here
A(x) = x — max{0, —x}.

For r > 0, we have A(—r) = —2r <0 and A(r) = r > 0 and thus {(A4, 0) = +1.

(ii) Let F and ¢ be defined by F'(x) = —2x and ¢(x) = ¥, . Here
A(x) = x — max{0, 3x}.

For r >0, we have A(—r) = —r <0 and A(r) = —2r <0 and thus {(A, 0) =0.

More generally, let us define for ¢ > 0 the sets
Pi(—¢):={xe[—¢ +e]":xi=—¢}, ie€{l,...,n}
and

Pi(+e) :={xe[—¢, +e]" :x;=+e}, ie€ll,...,n}.
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Note that
n

U (Pi(=o) U Pi(4e)) =80 — &, +2l).

i=1
Proposition 2. Suppose that there exists &y > 0 such that

Ai(x)Ai(y) <0, Vx e Pi(—¢),y € Pi(+e),e€(0,¢e], (G €{1,...,n}. (33)
Then

n
(A0 =]]a,
i=1

where g; 1= sgn(/; (x%)) with &' denoting any element of P;(+¢) and & any real in (0, +¢o].
Proof. Let 0 < &< ¢gp be given. Assumption (33) together with the continuity of A; ensure

that sgn (A, (.)) is constanton P; (4¢). Let xé be any element of P; (4¢), we get (see Theorem
(c)in [19)]):

n

deg(A(), ] — & +e[". 0) = [ | sen(4i (x)).

i=1

Moreover condition (33) implies that A(x) # 0, Vx €] — &9, +&o[", x # 0 and property 5
(see Section 2) of degree ensures that e — deg(A(.), ] —¢, +¢[", 0) is constant on (0, +&p].

Letrg > 0be such that B, C]—¢&o, +&ol. Then0 ¢ A(OB,) and {(A, 0)=deg(A(.), B;, 0)
for all 0 <r <rp. Let r € (0, rg] be given, there exists ¢ = &(r) € (0, r) such that | —
e, +e[* C B,. It is also clear from (33) that A 4(B,) = {0} C] — &, +¢[*. Then using
property 5 (see Section 2) of degree, we obtain

{(A,0) =deg(A(.), ] — & +e[", 0) = deg(A(), ] — &, +&[",0) = 1_[ 0;. (]
i=1

Proposition 3. Suppose that there exists ey > 0 such that
Ai(x)Ai(y) >0, Vx € Pi(—¢),y € Pi(+e8),e€ (0, 6], (i € {l,....,nH. (34
Then

(A, 0) =0.

Proof. Let rg > 0 such that B, C] — ¢, +¢&o[" (0 <r<rg). As in the proof of Proposition
2 we see that {(A, 0) = deg(A(.), B, 0) for all 0 <r <rg. Let r € (0, r9) be given. There
exists € = ¢(r) € (0, r) such that

deg(A(.), By, 0) =deg(A(.), ] — &, +¢[", 0).
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Let us now consider the continuous homotopy H : [0, 1] x [—¢, +¢&]" — R”" defined by
xX;+¢ .
Hi(Z, x) = A | Ai(—¢e;) + T(Ai(Eei) —Ai(—¢eep)) | + (1 = HAi(x),

where e; denotes the ith unit vector of R”. We claim thatif x € 0(] —¢, +¢[") and / € [0, 1]
then H (4, x) # 0. Indeed, if x € 0(] — ¢, +¢[") then either there exists k € {1, ..., n} such
that x € Py(—¢) or there exists [ € {1, ...,n} such that x € P;(+¢). If x € Py(—¢) then
x; = —¢and Hy (A, x) = AA;(—¢er) + (1 — A)Ag(x). Here x and —¢ee, € Pr(—¢) and the
continuity of A together with (34) ensure that Ay (—é&ey) and Ak (x) are nonzero and have
the same sign. Thus Hy (4, x) # 0 and therefore H (A, x) # 0. If x € P;(+¢) then x; = +¢
and H;(A, x) = AA;(ee;) + (1 — 2)A;(x). Here x and ¢e; € P;(—e¢) and the continuity of
A together with (34) ensure that A;(¢e;) and A;(x) are nonzero and have the same sign. It
results that H; (4, x) # 0 and consequently H(/, x) # 0. Thus from property 2 in Section
2, we obtain

C(Av O) = deg(/l()v ] — &, +8[n’ O)
= deg(H(0,.),]1—¢, +e[",0) =deg(H(1,.),]— &, +¢[", 0).

It is now clear that H(1,.) # O on | — ¢, 4+¢[". Indeed,

Hi(1,x) = Aj (—eer) + x"z—jg(/li (cer) — Ai(—ge)

= (1 N 8) Aj(—ee;) + xi—+8/1i(8€i),
2¢e 2¢e

and (x; +¢)/2¢ € (0, 1) for x €] — ¢, +¢[". Thus H; (1, x) # 0 since condition (34) entails

that A; (—ee;) and A; (ee;) are nonzero and have same sign. It results from property 1 in

Section 2, that deg(H (1, .), ] — ¢, +¢["*, 0) = 0. The conclusion follows. [

Example 2. (i) Let /" and ¢ be defined by F'(x1, x2) = (2x1, 3x2) and @(x) = ¥, xR, -
Here

A(x) = (x;1 — max{0, —x1}, x» — max{0, —2x»}).

For ¢ >0, we see that A;(x) = —2e<0if x € Pj(—¢), A1(x) =e>01if x € Pj(+e¢),
Ax(x)=—-3e<0if x € Py(—¢) and Ay(x) =&e> 0if x € Pr(+4¢). Applying Proposition 2,
we get {(A,0) = 1.

(i) Let F and ¢ be defined by F'(x1, x2) = (=2x1 +x2, —x2) and ¢(x) = ¥, xr, . Here

A(x) = (x1 — max{0, 3x; — x2}, xo — max{0, 2x2}).

For ¢ >0, we see that A;(x) = —e<0if x € Pj(—¢), A1(x) =xp — 26 — e<0if
x € Pi(4¢), Ar(x) = —e<0ifx € Po(—¢) and Ar(x) = —e <0if x € P>(+4¢). Applying
Proposition 3, we obtain {(A, 0) = 0.

The use of Propositions 2 and 3 is of particular interest if ¢ = Wm since in this case A;
can be easily evaluated by the formula

Ai(x) = x; — max{0, x; — Fj(x)} = min{x;, F; (x)}. (35)
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Let us now prove our main result by following a methodology that has been originated
by Quittner [24] in the framework of parabolic variational inequalities involving unilateral
constraints defined by a closed and convex set.

Theorem 5. Suppose that assumptions (hy)—(hy) are satisfied. If the trivial stationary so-
lution of (19) is asymptotically stable then

[(A,0)=1.

Proof. The mapping F(.) is locally Lipschitz at 0 and thus there exists dg > 0 and Cy > 0
such that

IF(x) = FI<Collx —yll, Vx,y e Bs,. (36)
From assumption (hy), we see that there exists d; > 0 and Cy > 0 such that

lo(x) — e(I<Cillx —yll, Vx,y € dom{p} N B;,. (37

The trivial stationary solution is isolated and thus, there exists d, > 0 such that

X # Pyp(x — F(x)), Vx € Bs,\{0}. (38)
The trivial stationary solution is stable and thus, there exists 03 > 0 such that
|S(#)xp| < min {1, 00, L} . Vxo € Bs; N D(Qp). 39)
2(Co+ 1) -

The trivial stationary solution is attractive and thus, there exists d4 > 0 such that
lim S(t)xo=0, Vxo e Bs, N D(0p). (40)
t——+o0
Set

01

— min 120
rog .= mln{ ) s 2(1 +C0),52,53,54}.

Let 0 < r <rp be given. From (38), we get the existence of 7 := 5(r) > 0 such that
r
We set

so that A = idgn — Py (G).
To prove our result, we will use the following claims. The proofs of these claims are
given in the appendix.

Claim 1.
deg(idpr — S(t) Pp@ag)-» Br,0) =1, Vi>0,
where S(.) is defined in Section 5.
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Claim 2.

deg(idgr — Py G (Pp(ag)-)s B, 0)
=deg(idpr — (idgr +1.7p) "' (idpr + tG) Ppg)-, B, 0), V1> 0.

Claim 3.
deg(idpr — PG (Pp@g)-), Br,0) =deg(idg: — Py,G(.), B, 0).
Claim 4. Let x € OB, (r <rg) be given. We set
u(t) := S@)Ppogpx, t=0
and
(1) := (idgr +1.74) " (iddgr + 1G) Ppagyx, > 0.
The following estimations hold:

(@) I Pp@g)xll <ro;

() 1PoG(Pp@agpX)II<dr;

(©) llu() |l < minfl, ég, 61/2(Co + 1)}, ¥t >0;
(d) [lu(t) — Ppg)x|l <01, V1 =0, with

0 :=/2(ro + 1)(C1 + @(ro + 1) + Coro + | FO)|));

() I1PyGu())|<or,Vt=0;
(f) Lett* € (0, (1/2®) In(4)] be given. If |lu(t*)|| =r/4 then |u(t)|| >r/8,Vt € (0, t*].
() v(r) € D(Og) and

<m w - v<t>> + (V1) = G(Pp@g)x), w = (1)

+o(w) — e()=0, YweR" Vt>O0;

(h) [lv(r) — Ppgpyx |l <O/T; Vi > 0, with

_ Coro)?
0:=\/( 0;0) + 1 FO)lro + Ciro.

el (3) (i) |
T := min —= ), |—= .
20 2(1 + Cp)0

Then
() [lv(®)|l < min{dg, 61/(1 + Co)}, ¥Vt € (0, T*];
(4) 1Pp(G(()|| <01,V € (0, T*].

Set
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Claim 5. Let 0 <r <rg be given and set

C == max{30(1 + Co)(| F(0)| + Co + C1), 0(1 + Co) (| F(O)]|
+ 01+ (1+ Co)do + C1)}

and

4 4
_ . 1 " n n
T :=min{ —1In(4), T", 2 1 2(
20 2C2(v + 17 2C% (- + 1)

with v = %(50 +7r)/r, v =Tr/8(1 +r), @ in Theorems 1 and 4, T* in Claim 4(h) and n
in (41). For anyt € (0, T], we have

deg(idgr — (g + 1.75) " (idge + 1G) Ppog).» By, 0)
= deg(ian — S(I)PD(a(p)., B, 0).

We are now able to use Claims 1-5 in order to conclude the proof of our result.
Let 0 < r <rg be given and compute 7 = T (r) as in Claim 5. We have

{(A, 0) = deg(4, By, 0) =deg(idgr — P,G(.), B, 0). (43)
From Claim 3 and (43), we see that

{(A,0) =deg(idgr — PpG(Pp@ag)-), Br, 0). (44)
Let us now choose ¢ € (0, T]. From Claim 2 and (44), we obtain

{(A,0) =deg(idpr — (idpr + m{q,)*‘ (idgr +tG) Pp@g)-» Br, 0). (45)
Claim 5 and (45) ensure that

{(A, 0) =deg(idg: — S(¢) Pp@¢)-» By, 0). (46)
Finally, Claim 1 and (46) yield

{(A4,0)=1. ] (47)

The following result is an equivalent formulation of Theorem 5.

Corollary 1. Suppose that assumptions (hy)—(h7) are satisfied. If {(A,0) # 1 then the
trivial stationary solution of (19) is not asymptotically stable.

Example 3. (i) The necessary condition of asymptotic stability {(A, 0) =1 is satisfied with
the data given in Examples 1(i) and 2(i).

(i) The trivial stationary solution of (19) with the data given in Example 1(ii) or Example
2(ii) is not asymptotically stable.
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7. The case ¢ =g with K closed and convex

It is known that if K is a polyhedron, then the system in (19) is equivalent to a comple-
mentarity system [12], whose study has a significant interest for control applications. Let

us first state a result of Quittner [24].

Lemma 2 (Quittner). Let K C R" be a closed and convex set such that 0 € K. Set

Ko = U aK. (48)

>0

Suppose that G : R" — R" satisfies

(1) G is continuous;

(2) G@O)=0;

(3) Jg(0) exists;

(4) deg(idpr — Pk, (JG(0).), B, 0) exists for r > 0 small enough.

Then, for all r > 0 sufficiently small, 0 ¢ (idg» — Px (G(.)))(OB;) and
deg(idgr — Pk (G()), By, 0) = deg(idg — P, (J6(0).), By, 0).

Note that the original result of Quittner has been stated in a more general framework for
compact continuous mapping G defined on Hilbert spaces.

Let us now remark that Lemma 2 can be used together with Corollary 1 and Propositions
2 and 3.

Example 4. Let F and K be defined by F(xq, x2) = (—2sin(x;) + x2, —sin(x2)) and
K ={(x1,x2) € R2: 0<x;, 0<x»<1 — x;}. Then

K0=R+XR+

-2 1
ro=(2 1),
Using the results of Example 2(ii) and Lemma 2, we get {(A, 0) =0. It results that the trivial
stationary solution of (19) is not asymptotically stable.

and

Let us here remark that if K C R" is a closed convex set with 0 € K then ¢ := g
satisfies conditions (hj)—(hs) of Section 6. We see also that if the assumptions of Lemma 2
are satisfied for G := idg» — F then condition (h7) is also satisfied.

Theorem 6. Let K C R" be a closed and convex set such that 0 € K and Ko\{0} # @ with
Ko in (48). Suppose that conditions (hs)—(hg) are satisfied. Suppose also that F (0) =0 and
Jr(0) exists.
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If there exists <0 and Uy, € Ko\{0} such that

() (UH, h) >0,Vh € Ko\{0};
2) Jr(0)'U, = pU,.

Then the trivial stationary solution of (19) is not asymptotically stable.

Proof. Set A := I —Jp(0)anddefine’ : [0, 1]x R" — R" by h(4, x) =Ax — Px,(AAx +
(1-A)U,). Weclaimthatifx € 0B,,r >0and A € [0, 1]then (4, x) # 0.Indeed, suppose
on the contrary that

2x = Py (2Ax + (1 — )U,).

Then A # 0 since otherwise get 0 = Pg,(U,) = Uy and a contradiction. Thus 4 # 0 and
since K is a cone, we get

1 (1—17)
P, (JAx + (1 = )U,) = P, | Ax + Uu).

=72 p
Thus x € K( and
1—-4
<x — Ax — (—/1)Uﬂ, v —x> >0, VYve K.
Setting v :=x + Uy, € Ko + Ko C Ky, we obtain
1-=2

(JFO)x, Uy) = U1 >0.

2
Thus
(x, JFO)TU,) = pu(x, Uy) =0.

Here since x € 0B,, r >0, then x € K(\{0} and thus from assumption (1), we obtain that
(x, Uy) > 0 so that u>0 and a contradiction.
Then

deg(idgn — P, (idgn — Jr(0).), By, 0) =deg(h(l, .), By, 0)
= deg(h(0,.), By, 0) = deg(— Pk, (Uy), By, 0) = deg(—Uy, By, 0) =0.

Using Lemma 2, we see that {(A, 0) = 0 and the conclusion follows from Corollary 1. [

Example 5. Let Fand K be defined by F(x1, x2) =(—2sin(x1) —10x7, cos(x1) —sin(x) —
1) and K = {(x1, x2) € R? : 0<x1, 0<x2 <1 — x1}. Then

K0=R+XR+

Jr(0) = (_02 ‘_110) .

and
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Theorem 6 can be applied to ensure that the trivial stationary solution of (19) is not asymp-
totically stable. It is indeed easy to see that = —2 is an eigenvalue of Jr(0)T and that the
corresponding eigenvector U, = (1, 10)T satisfies conditions (1) and (2) of Theorem 6.

Theorem 7. Let K C R" be aclosed and convex set suchthat0 € K and K§NKo\{0} # 0.
Suppose that conditions (hs)—(he) are satisfied. Suppose also that F(0) =0, Jr(0) exists
and

(1) (JrO)x, x) <0,Vx € Ko, x #0,
then the trivial stationary solution of (19) is not asymptotically stable.

Proof. LetU € KN Ko\{0} be fixed. Set A := I —Jr(0) and define /2 : [0, 1] xR" — R"
by h(2, x) = Jx — Px,(AAx 4+ (1 — H)U). We claim that if x € OB,,r >0and 4 € [0, 1]
then i (4, x) # 0. Indeed, suppose on the contrary that Ax = Pg,(LAx + (1 — )U). It is
clear that 4 # 0. Indeed, suppose that 4 =0. Then 0 = Pg,U = U and a contradiction. Thus
A # 0and

(-4
x:PKO Ax+ 2 U).

Thus x € Ky and

11—
<x—Ax—( /I/L)U,v—x>20, Yv € Kp.

Setting v := 2x, we obtain since U € K

<JF(0))C,X)2(1 ;/L)<U,x>20. (49)

Here x € Ko\{0} and from assumption (1), we obtain (Jr(0)x, x) <0 which is a contra-
diction to (49).
Then

deg(idgr — Pk, (idgr — J£(0).), By, 0) = deg(h(1, ), By, 0)
=deg(h(0, .), B,, 0) = deg(—Pk,(U), B,,0) =deg(—U, B,,0) =0.

Using Lemma 2, we see that {(A, 0) = 0 and the conclusion follows from Corollary 1. [J

Remark 5. It is clear that if the matrix Jr(0) is negative definite, then assumption (1) in
Theorem 7 is satisfied.

Example 6. Let F and K be defined as in Example 4. Theorem 7 can also be applied to
ensure that the trivial stationary solution of (19) is not asymptotically stable. Indeed, here
Ko N K3\{0} = Ry x Ry \{(0,0)} and the matrix J£(0) is negative definite.
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8. The case ¢ convex and dom{p} = R"

Let us here suppose that ¢ : R" — Ris convex with dom{¢p}=R". Then ¢ is continuous
and D (0¢) = R" (see Theorem 10.1 in [26]). Moreover ¢ is Lipschitzian, relative to every
bounded set (see Theorem 10.4 in [26]). It results that ¢ satisfies conditions (h;)—(hs) of
Section 6.

Proposition 4. Let L > 0 be given and assume that G : [0, L] x R* — R"*; (4,y)
G (4, y) is a continuous function on [0, L] x R". Then the application

(2 y) = Py (G(4, y))
is continuous on [0, L] x R".
Proof. Let {y,} € R" and {/4,} C [0, L] be given sequences such that y, — y* and

dn — 2* asn — +o00. We claim that P; (G (A, yn)) — P;V*(P(G(/I*, y*)) asn — +oo.
Indeed, setting x, := P, ,(G(/n, y»)) and x* := f«(p(G(/l*, y*)), we have

(Xn = G, Yn)s v = Xn) + 2@ (V) = Znp(xn) 20, Vv e R (50)
and
(x* =G, vy, v —x") + o) — Me(x*) =0, VYveR. (51)

Let us first check that the sequence {x,} is bounded. Indeed, suppose on the contrary that
[lxp |l = 400 as n — 4o00. Setting v := 0 in (50), we obtain

—(xp — G (O, Yu), Xn) + ln[(p(o) - @(x)]20
and thus
120 1 NG Cons Yy X ll + 2a[@(0) — @ (xa)].

It results that

NG U 3l
= 2
el Tl

[@(0) — @(xp)].

For n large enough, 1/||x,| € (0, 1] and using the convexity of ¢, we get

Xn 1 1
@ (—> ST @) + <1 - > ¢ (0)
(B [l I (B

and thus

@(0) — @(xn) <p(0) — ¢ <x_n> .
flxn I [l

We obtain
1< G (Zns Yyl y [(P(O) - </>(xn/llxn||)} .

(b [lx I

(52)
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Here
. xn/|lx
lim LG/ Xl _0
n=+oo x|l

since the sequence x, /| x, || remains in a compact set and ¢ is continuous. Taking now the
limit as n — +o0 in (52), we obtain the contradiction 1<0. The sequence {x,} is thus
bounded.

Setting v := x* in (50) and v := x,, in (51), we obtain the relations

(xn = Gy yn)s Xn — X*) = Zn@(x™) + An@(xn) <O (53)
and

—(x* = GOy, — X)) = Zp(xn) + A5 p(x™) 0. (54)
Thus

10 = 11> NG (s yu) = GEF, y)Hln — x|
+ (Zn = 2)Q(™) + (A7 = 2 @(xn). (55)

The sequence {x,} is bounded and thus the sequence {¢(x,)} is bounded too since ¢ is
continuous. Moreover ||G (4, y») — G(A*, y")|| = 0 and (A, — 1) — Oasn — +oo.
Then (55) yields x, — x* asn — +oo. [

Proposition 5. Suppose that F : R" — R" is continuous. Suppose also that there exists
0 > 0 and a continuous mapping H : R" — R" such that

(1) A(x) #0,Vx € By, x #0;

(2) H(x) #0,VYx € By, x #0;

(3) (F(x), H(x)) + ¢(x) — ¢(x — H(x)) =0, Vx € Bs.
Then

{(A,0)=deg(H, B-,0), Vre(0,qal.

Proof. Let r € (0, 0] be given. Let & : [0,1] x B, — R"; (L, y) — h(l,y) ==y —
Pjo(y — AF(y) — (1 — ) H(y)). Proposition 4 ensures that / is continuous. Let us now
check that h(4, x) # 0,Vx € 0B,, A € [0, 1]. Indeed, suppose on the contrary that there
exists x € R", ||x|| =r and 4 € [0, 1] such that i (4, x) = 0, that is

X =Pyp(x — AF(x) — (1 — D H(x)).

We first remark that A # 0. Indeed, suppose that A=0. Then x = Py(x — H(x)) =x — H (x).
This yields H(x) = 0 which is a contradiction to assumption (2) since here x # 0. We
remark now that 2 # 1. Indeed, suppose that A = 1. Then x = P,(x — F(x)) and thus
A(x) = 0 which is a contradiction to assumption (1) since here x # 0.

Thus 0 <A <1 and

(AF(x)+ (1 — )H(x),v —x) + Ap(v) — Ap(x) =0, Vve R"
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Setting v := x — H (x), we obtain
A(F(x), HX)) + (x) — p(x — Hx)I< — (1 = DIIHx)|* <0,

which is a contradiction to assumption (3).
Thus

deg(idgr — Py (idgr — F), By, 0) = deg(h(1, .), B;,0)
= deg(h(0,.), B, 0)
= deg(idgr — Pp(idgpr — H), By, 0)
= deg(H, B, 0). O

Proposition 6. Suppose that F : R" — R" is continuous. Suppose also that there exists
a > 0 and a continuous mapping H : R" — R" such that

(F(x), Hx)) + o(x) — o(x — H(x)) >0, Vxe By, x # 0. (56)
Then

{(A,0) =deg(H, B/,0), Vre(0,aq].

Proof. The result is a consequence of Proposition 5. It is clear that if (56) holds then condi-
tions (2) and (3) of Proposition 5 are satisfied. We claim that condition (1) of Proposition 5
holds too. Indeed, suppose on the contrary that there exists x € B\ {0} such that A(x) =0.
Then

(F(x),v—x)+ @) — px)=0, VveR".
Setting v = x — H(x), we get
(F(x), H(x)) + ¢(x) — o(x — H(x)) <0.

which is a contradiction to (56). [l

9. The case of linear complementarity problems

In view of applications like stabilization, we examine in this section the case when the
vector field is linear invariant with matrix A € R"*", and ¢(-) = ¥k (-) with K =R, . The
following holds:

Proposition 7. Let F : R" — R" be defined by F(x) = Ax with A € R"™" and
o(-) = Yi () with K = R.. If A satisfies the conditions (i) A;; >0, 1<i<n, and (ii)
[Aij/Aiil < 1/n forall 1<i<n, 1< j<n,i # j, then {(4,0) = 1.

Proof. The proof uses Proposition 2. As we have seen in (35), we have A; (x) = min{x;,
el.TAx}, with ¢; the ith unit vector of R". Let us now calculate A;(x) and A;(y) for the
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vectors x and y as in (33). Taking into account the definitions of the sets P;(—e¢) and P; (+¢),
&> 0, we obtain

A; (x) = min{—¢, e] Ax + Aji(—& — x;))
with x € [—¢, +¢]", and
Ai(y) = minfe, e] Ay + Aji(e — yi)}

with y € [—¢, +¢]" (in both these expressions we do not consider the variables x and y
in the sets P;(—¢) and P;(+¢), respectively, but as free vectors of R" satisfying || x||oo (:=
maxi << {|xi|}) <eand || y]loc <&). The condition A; (x)4; (y) < 0 can then be written as

max{e, —e] Ax 4+ A;ix; + Ajze} x min{e, e] Ay — Ay + Ajie} > 0. (57)
The inequality in (57) is equivalent to
(a) max{e, —e] Ax + Ajix; + Ajie} >0 and (b) min{e, e] Ay — A;;y; + Ajig} >0
or
(c) max{e, —e] Ax 4+ A;ix; + Ajie} <0 and (d) min{e, e] Ay — Aiy; + Ajig} <0

forall ||x] 0o <éeand || y|lco < & The inequality in (c) is impossible to fulfill and the inequality
in (a) is always satisfied, since ¢ > (0. We are therefore left with the inequality (b) only,
which is satisfied if and only if el.TAy — Ajiyi > —Ajieforall y € R" with || y]|eo <eé. Using
assumption (i), we see that this condition can be rewritten as

A
<eiT— —eiT)y+8>0 (58)
Aii
for all ||y]lco <é. Equivalently
A
<e;r— —e?)y+ 1>0 59)
Aii

for all ||y||eo < 1. It is clear that inequality (59) is satisfied if and only if

A
T T
(t-)

Assumption (ii) ensures that

<l VyeR"|yle<l (60)

AT
—€; — €
Aji

Ajj 1
—L =5 <,
A,’i n

= max
1<j<n

where 0;; is the Kronecker symbol. If || y|ls < 1 then
A AT T
T T
(2 =) =3 At

<1,
o

——ei—¢
ii

[¥lloo <1

oo

so that (60) is satisfied. Finally, Proposition 2 ensures that {(A4,0)=1. O
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Remark 6. (i) From Proposition 3 in [12], it follows that if A is diagonal with positive
entries, then the equilibrium x =0 is asymptotically stable. Incidentally one sees that A;; =0,
i # j,implies that [A;;/A;;| = 0 <1/n so that the necessary conditions for asymptotic
stability are satisfied.

(i1) The conditions (i) and (ii) are not necessary conditions for asymptotic stability. Indeed
matrices A which satisfy (i) and A;; >0 for all 1 <i <n, 1 <j <n are strictly copositive on
K and guarantee asymptotic stability (see Proposition 3 in [12]).

(iii) Condition (ii) implies that A is diagonally dominant.

Example 7. Let us consider a planar case with A € R?*2. The above conditions read
A1 >0, Ay >0, |[Aj2|/A11 <4 and |A21|/Ap < 5. We see that A is a P-matrix [9]
since both principal minors are positive, as A;; >0 (i = 1,2) and det(A) = A1 Axn(l —
A12A21/A11A22) > 0. Notice that there exist P-matrices which are not positive definite,
like for instance

a=(p 7)

[9, p. 147]. Also P-matrices may have complex eigenvalues with negative real parts, for
instance

1 -3
A:(l —2>’ A=

However, it can be shown that the above conditions guarantee that the eigenvalues of A have
positive real parts. Let y; and 7, be the two eigenvalues of A. Then A11 A2 — A12A21 =717,
and Ay + Ay =y, + 7,. Since A is a P-matrix, its real eigenvalues are positive. Thus if
the eigenvalues have negative real parts, they must be complex conjugate and in such a case
Ax»nA|l — A1pAr = Y1V2 > Oand Ay + A1 = P+ < 0 sothat A»p < — Aq;.Thisisa
contradiction since Ay >0 and A1 > 0. We conclude that in the planar case, the necessary
conditions of Proposition 7 imply that A is a P-matrix with (positive) real eigenvalues.

+i

_
oS
W

Bf—

We now make use of Proposition 3 to derive conditions for under which the stationary
solution is not asymptotically stable.

Proposition 8. Let F : R" — R" be defined by F(x) = Ax with A € R and ¢(-) =
Y () with K =R} If A satisfies conditions (i) A;; <0, 1<i<n, and (ii) |A;;/Aii| < 1/n
Jorall1<i<n, 1< j<n,i # j, then {(A, 0) =0 and the stationary solution of (19) is not
asymptotically stable.

Proof. The proof uses Proposition 3. The calculations are similar to those in the proof of
Proposition 7. The conditions in (a)—(d) now are

(') maxfe, —e] Ax + A;ix; + Ajie) >0 and (b') minfe, e] Ay — A;;y; + Ajze} <0
or

(c)) max{e, —e,-TAx + Ajixi + Ajze} <0 and (d') min{e, el Ay — Ay + Ajie} >0
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for all ||x]lco <& and ||y |00 <é&. Inequality (¢’) cannot be satisfied since ¢ > 0. Inequality
(a") is always satisfied. Inequality (b) is equivalent to having e,.TAy — Ajjyi + Ajie <0 for
all || y|lco < &. Using assumption (i), this can be rewritten as

A

(e?A——e?)y+1>o, Vy e R, [yl < 1. (61)
ii

As in the proof of Proposition 7, we see that assumption (ii) ensures that (61) holds. We

conclude that both (i) and (ii) assure that A;(x)A;(y) >0 for all x € Pi(—¢) and y €

P;(+¢) and all 1<i <n, so that {(A, 0) = 0 and the stationary solution of (19) cannot be

asymptotically stable. [

Application 1 (Asymptotic stabilization). Let us here consider a controlled system with
transition matrix A € R"*", input matrix B € R™* I and a feedback controller u(.)=Ux(.)
with U € R"". The corresponding mathematical model is of the form given in (19) with
F(x) = (A + BU)x. Assume that the pair (A, B) has the so-called controller form [31],
ie. Ajjy1=1and A;; =0forall j #i+1landall 1<i<n —1, A,; = o; where the o;’s
are the coefficient of the characteristic polynomial of A, and B = ¢,,. One can show that the
closed-loop system does not satisfy the conditions of Proposition 2. Or, that it does satisfy
the conditions of Proposition 3. Consequently, a controlled evolution variational inequality
asin (19) with A and B in a controller form cannot be asymptotically stabilized by constant
feedback. This is a major discrepancy with unconstrained systems. This shows that having
(A, B) acontrollable pair (for the unconstrained system) is not at all sufficient to guarantee
the asymptotic stabilization of a controlled variational inequality. This is in accordance with
the results in [7] on controllability of planar variational inequalities.

Conditions (i) and (ii) of Proposition 7 now read as conditions for asymptotic stabilization:
given a pair (A, B), find a matrix U € R such that

(a) Aji + B;U; >0, 1<i<n,
1

(d) |Aij + BiUjl < —(Aii + BiUp), Vi # j,1<i<n, 1<j<n, 62)
n

so that there exists a constant feedback control. We can now set some conditions to be
satisfied by (A, B) so that the feedback guarantees {(A, 0) = 1:

(1) A # 0 (from (62)(a) and combining with (62)(b)).

(2) If A;; =0 for some i, then necessarily B; # 0 (from (62)(a)).

(3) If B; =0 for some i, then necessarily A;; # 0 (from (62)(a)).

(4) Controllability of (A, B) (the Kalman matrix is of rank #n) is not sufficient.

(5) Controllability of (A, B) (the Kalman matrix is of rank #) is not necessary: there exist
pairs (A, B) such that the Kalman matrix has rank < n, and which satisfy the conditions
in (62) or the sufficient condition of Proposition 7.

Item (5) can be proved by choosing a planar example with A1; > 0, A12=0, A21 # 0, A #
0,and B1=0, B> # 0. Wehaverank(B AB)=1,evenif 0 < |A21+BU;| < %(A22+BZU2).
Let us choose Uz = sgn(B2) (2 — A2)/| Bal, &> 0, and Uy =sgn(B2) (B — A21)/|Bal, B0,
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f < /2. Then the sufficient condition of Remark 6(i) is satisfied if § = 0, and conditions
(i) are (ii) of Proposition 7 are satisfied if f§ < or/2.

10. Instability results

Inasmuch as stability is usually a desired property, it is important to dispose of some
mathematical results which can be used to recognize instability. Here we use Theorem 5
together with Theorem 3 in order to state conditions ensuring instability.

Theorem 8. Suppose that assumptions (hy)—(h7) are satisfied. Suppose in addition that
there exists >0 and V € C'(R"; R) such that

(1) () — @(. — V'(.)) is lower semicontinuous on D(©¢) N By;
@) (F(), V(%)) + ¢(x) — 9(x — V/(x)) >0, Vx € D@¢) N By
(3) AM(F,,V, Bs)={0},
Khere (see Section 4) _% (F,p,V, B,) denotes the largest invariant subset of £ (F, ¢, V)N
By ={x € D@p) N By : (F(x), V'(x)) + ¢(x) — ¢(x — V'(x)) =0}.
If {(A, 0) # 1 then the trivial stationary solution of (19) is unstable.

Proof. Suppose on the contrary that the trivial stationary solution of (19) is stable. Then
we may find & > 0 such that if xy € B then y(xo) C B,. We may apply Theorem 3 (with
¥ := By) to get limy_, oo d(S(t)x0, 4 (F, ¢, V, By)) = 0. Here .4 (F, ¢, V, B;) = {0}
and thus the trivial stationary solution of (19) is attractive. It results that the trivial stationary
solution of (19) is asymptotically stable and we obtain a contradiction to {(A4,0) = 1. O

Corollary 2. Suppose that assumptions (hy)—(h7) are satisfied. Suppose in addition that
there exists 6> 0 and V € CHR"; R) such that

(1) @) — @(. — V() is lower semicontinuous on D(0¢p) N Ei;
(2) (F(x), V(X)) + @(x) — p(x = V'(x)) >0, x € D@¢p) N Bg, x # 0.

If {(A, 0) # 1 then the trivial stationary solution of (19) is unstable.

Proof. The result is a direct consequence of Theorem 8 since condition (2) ensures that
M(F,p,V,Bs)=1{0}. O

The following result is a direct consequence of the previous one.

Corollary 3. Let K C R" be aclosed convex set suchthatQ € K. Suppose that assumptions
(hs)—(hy) are satisfied. Suppose in addition that there exists > 0and V € C LR, R) such
that

(1) V'(x) € =Ko, x € K N By;
(2) (F(x),V'(x))>0, x e KN By, x #0;

If (A, 0) # 1 then the trivial stationary solution of (19) is unstable.
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Example 8. The trivial stationary solution of (19) with the data given in Example 2(ii) is
unstable. Indeed, we know that here {(A, 0) = 0 and it is easy to see that the conditions of
Corollary 3 hold with V' (.) := —%||.||2.

Theorem 9. Suppose that ¢ : R" — Ris convex and dom{¢p}=R". Suppose that assump-
tions (hs)—(hy) are satisfied. Suppose in addition that there exists ¢ > 0and V € C'(R"; R)
such that

(1) V'(x) #0,Vx € By, x #0; B
(2) (F(x), V(X)) + @(x) — o(x = V'(x)) >0, x € Bg;

(3) AM(F,¢,V,Bs)={0};
(4) deg(V’, B, 0) # 1 for r > 0 small enough.

Then the trivial stationary solution of (19) is unstable.
Proof. The result is a consequence of Theorem 8 and Proposition 5 with H :=V'. [

Corollary 4. Supposethat ¢ : Ri R is convex and dom{p}=R". Suppose that assumptions
(hs)—(hy) are satisfied. Suppose in addition that there exists o > 0 and a nonsingular and
symmetric matrix A € R™" such that

(F(x), Ax) + @(x) — @(x — Ax) =0, x € B,.

If U (F, ¢, %(A., ), Bg) = {0} and det A < O then the trivial stationary solution of (19) is
unstable.

Proof. The resultisaconsequence of Theorem 9 with V(.):%(A., .).Heredeg(V’, B, 0)=
deg(A., B,,0) =sgn(det A)=—1,Vr>0. [

The following result is a direct consequence of Corollary 4.
Corollary 5. Supposethat ¢ : R" — Ris convex and dom{¢@}=R". Suppose that assump-

tions (hs)—(hy) are satisfied. Suppose in addition that there exists o > 0 and a nonsingular
and symmetric matrix A € R"™" such that

(F(x), Ax) + (x) — ¢(x — Ax) >0, x € B,\{0}.
If det A <O then the trivial stationary solution of (19) is unstable.

Example 9. Let F and ¢ be defined by
_fa c\(x
ro=(23)(3)

@(x) =d|xal,

and
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witha <0,b >0, c € Rand d > 0. Setting

-1 0
()

we see that (F(x), Ax) + @(x) — @(x — Ax) = —ax} + bx3 + d|xz| > 0, ¥Y(x1, x2) €
[R?z\{(O, 0)}. Here det A = —1 and thus the trivial stationary solution of (19) is unstable.

Application 2 (Second-order dynamical systems in mechanics). Let us here deal with the
following class of second-order dynamical systems:

Let @ : R" — R be a convex function with dom(®) = R™. Let M, C, K € R™"
be given matrices. We consider the problem: Find a function ¢t +— ¢ (¢) (t >0) with g €
CL([0, +00); R™), and such that

dz—q € L2 (0, +o0; R™), (63)

d[2 ocC

dg . . . .

m is right-differentiable on [0, +00), (64)
d*q dg dg

M—(#)+C—(t)+ Kq(@t) e —0@| —()), ae. t>0. 65
dt2<)+ dt()+ q(t) € <dt()> a.e (65)

The model in (65) can be used in Mechanics to describe the motion of various systems
having frictional contact. For such problems, m is the number of degrees of freedom of the
system, M is the mass matrix of the system, C is the viscous damping matrix of the system
and K is the stiffness matrix. The term 0®(.) is used to model the unilaterality of the contact
induced by friction forces.

Let us first assume that:

(H1) M is symmetric and positive definite;

(Hz) K is symmetric and nonsingular;

(H3) xTCx 4+ ®(x) — #(0) > 0,Vx € R™, x #0;
(Hy) 0 € 09(0).

Let
oM,K):={AeC:det(AM + K)=0}={A1,..., An}.
Using assumptions (Hy) and (H»), we may assert that (see e.g. [2]):
oM, K) C R\{0},
and there exists a nonsingular matrix R € R™*” such that
R"MR =1 and RTKR = K,

where I denotes the m x m identity matrix and Ko is the diagonal matrix defined by
(Ko)j; =2i, G €{1,...,m}).
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Setting
q = Rz,

we may rewrite (65) as follows:
d?z T..,dz T dz
— @)+ R"CR—(t) + Koz(t) €« —R' 0@ R— ()|, aer=0. 66
dt2()+ dt()+ 0z(t) € ( dt()> a.e (66)

Let us here define the convex function y : R" — R by the formula
y(w) = (®o R)(w), VYw e R".

Then (see Theorem 23.9 in [26]),
Oy(w) = RTOD(Rw), Yw e R™.

Let us now set

dz . dx . dx
Xpi=z, Xpi=on XY= 1 x)', = d_tl Xy = d—: (67)
It is clear that (66) is equivalent to the following first-order system:
X1 —x2 =0,
{fcz + RTCRx> + Koxi € —0y(x2). (68)

It results that our problem can be written as in (19) with n = 2m and where F and ¢ are
defined by

(0 —1 X1
Foo= (Ko RTCR) <x2>

and
(x) = x(x2).
Let V be defined by
V(x) = $(Ax, x),
where
A= (Igo (1)) :
We see that
V(x)=Ax #0, VxeR", x #0, (69)
deg(V’, B,,0) = sgn(det A) =sgn(det Kp), Vr>0 (70)
and

(F(x), V(X)) + @(x) — p(x — V'(x)) = x3 R"CRx2 + y(x2) — 7(0)
>0, VxeR" (71)
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Here
S(F, @) ={(x1.0) : Kox; € —0x(0)}
and
E(F, @, V)=1{x € R": x R"CRxy + 1(x2) — 7(0) =0} = {(x1, 0); x1 € R"}.

Moreover, it can be proved that the largest invariant subset .# (F, ¢, V) of &(F, ¢, V)
coincides with the set of stationary solutions of (19) (see the proof of Theorem 9 in [1]),
that is

MF, @, V)= (F, ).

Our theory can be applied provided that the trivial stationary solution of (68) is isolated in
S (F, @). Let us so now assume in place of (Hy) that

(Hy)" 00(0) = {0}.

Then ¥ (F, @) = {0}. So, if assumptions (H{)—(H3), (Hy)  are satisfied, then properties
(69)—(71) hold, .# (F, ¢, V) = {0} and we may apply Theorem 9 to conclude that if

det Ko <O

then the trivial stationary solution of (68) is unstable.

11. Uncited references

[5,32].
Appendix A.

Proof of Claim 1. We first prove that there exists 7* > 0 such that
r —
IS(T*)Pp@p)x Il < 7 Vx € B,.

Indeed, the stability of O as a solution of (19) ensures the existence of o > 0 such that if
[1S(7) Pp@g)yx|l <o for some 7 > 0 then || S(t) Pp@agp)x | <r/2,Vt >1. Let X € B, be given.
The attractivity of 0 as a solution of (19) ensures the existence of 7 := T (X) > 0 such that
IS(T) Pp@gp) X | <ot/2. Setting o := (2/2)v'e~2?T, we see that, for v € B(X, 0) 1= {z €
R" : ||z — X|| < g}, we have (see (28))

IS(T)Ppapy v < IS(T)Ppagpyv — S(T) Ppiapy X1l + 1S(T) Ppapy X |l
_ o - o
<VeX?T || Ppgyv — Ppap) X || + 2 <veoT v — X + 3 <a.



11

15

17

19

21

23

25

27

29

NA4429

32 D. Goeleven, B. Brogliato / Nonlinear Analysis 111 (1111) Il1—111
We see that
B, c |J Bx.0)
XeB,
and since B, is compact, we find X1, X», ..., Xy (and corresponding 7;, ¢;) such that
N
B, C | JB(Xi.0)).
i=1
Setting T* := max{Ty, T», ..., Ty}, we see that if x € B, then x € B(X;, g;) for some

i €f{l,...,N}. Then ||S(T;) Pp@agp)x || <o and thus [|S(t) Ppopy x| <r/2,Vt 2 T*(>T)).
Let us now check that

deg(idgn — S(T*) Ppg)-, Br,0) = 1.
Let us define the continuous homotopy 4 : [0, 1] x R" — R" by
I’l(;u, x) =X — ;LS(T*)PD(a(p)x.

We claim that i (4, x) # 0,VA € [0, 1], x € O0B,. Indeed, suppose on the contrary that there
exists x € 0B, and A € [0, 1] such that

X = AS(T*)PD(aq,)x.

Here x = 2S(T*) Pp@g)x + (1 — A)0 and thus x € D(O¢) since S(T*) Pp@agp)x € D(0¢),
0 € D(0¢) (by assumption (h3)), 2 € [0, 1]and D (0¢) is convex. Itresults that x =4S (T*)x
and thus

lx — AS(T*)x|| = 0.
However,
;
llx = AS(T)x || =[x || = AIS(T*)x|| = x|l — IIS(T*)x]|| = 7> 0,

which is a contradiction. Thus from properties 2 and 3 (Section 2) we get

deg(idgr — S(T*) Ppag). By, 0) = deg(h(1, )., B, 0)
= deg(h(0, .), B, 0) = deg(idg, By, 0) = L.

We end the proof of Claim 1 by remarking that
deg(idgn — S(t) Pp@¢)-» Br, 0) = deg(idgn — S(T*) Pp@¢)-, Br,0), Vi>0.
Indeed, let > 0 be given and define the continuous homotopy g : [0, 1] x R" — R" by
g2, x) i=x — St + (1 = HT*)Pp@g)x.

We see that g(4, x) # 0,V4 € [0, 1], x € 0B,. Indeed, suppose on the contrary that there
exists x € 0B, and 4 € [0, 1] such that x = S(At + (1 — A)T*) Pp@g)x. Then x € D(0p)
and thus

x=S0t+ (1= DTx.
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That means that the application © — S(7)x is periodic with period Ar 4+ (1 — 2)T* (see
Section 5) and nontrivial since || S(0)x|| = ||x|| =r > 0. This is a contradiction to (40). Thus
from property 2 in Section 2

deg(idgr — S(1) Pp@gy-» Br, 0) =deg(g(l, ), By, 0)
=deg(g(0, .), B,, 0) = deg(idg» — S(T*)Pp@¢)-, B, 0). O
Proof of Claim 2. Let > 0 be given and define the homotopy H : [0, 1] x R* — R" by
H(, x) == x — (Jidgr + 1.4 )" (Jidgr + 1G) Pp(ag)*,

where G is defined in (42). We first remark that H is continuous. Indeed, let x,, — x and
Jn — Jandset f, := (Anyidgr + 1G) Pp@gyxn and v, := (Jpidge + 1.7,) "' f,. It is clear
that

fo— fi=(idpr + 1G) Pp@g)X.
We claim that
vy = v = (Aidgr + tsz/(p)_lf.

Indeed, we have

Uy 1= Ui +1.45) 7 f &

)
fn nneﬂ(pvn
t

& <v,, - <M) LW — vn> + ow) — @(v,) >0, Yw e R". (72)

Setting w = 0 in (72), we get

fon = (2222 ) <00 = ot

t

and then using (29), we obtain

(t + Z) o7 < fu llvall + 1H{=F (0, va) + (0) — @(v,)] + 1(F (0), vy)
SUfallllvall + ¢ F O [[vall-

It results that the sequence {v,} is bounded.
Setting w = v in (72), we get

(tvy + Znvn — fn, v —vp) + (@) — @(vy)) 20. (73)
We remark also that v = (lidgr + 1./ (p)_1 f if and only if

-2
<v—<ft v>,w—v>+<p(w)—<p(v)>0, Yw e R,
and thus

(tv+ v — fovn — ) +1(@(vp) — () 20. (714)
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So, from (73)
(tvn + Anvn, va — V) SE(EW) = @(vn)) + (fa, va — V)
and from (74)
—(tv + Av, vy — V) <T@ (vn) — (V) — (f, v — V).
Thus
(t(vy — V) + Ay — AV, vy — V) < fn — f, vp — V).
We obtain
(1 + Dllve = vI> <12 = Zal lvall Ton = vll + 1 fw = £ vn = vll-
The sequence {v,,} is bounded and thus {v,} C By for some constant K > 0. It results that
lvn = VI SKIA = Zul + 1Lfu = £

and thus v, — vasn — oo.
We check now that H(A, x) # 0,VA € [0, 1], x € 0B,. Suppose on the contrary that
there exists x € 0B, and A € [0, 1] such that

x = (Aidp + lJZ/q,)71 (Zidgr + tG) Pp@g)x.
Then

(Pp@@p)x — x) + tG(Pp@gp)Xx)
t

€ . p(x).

Recalling that .o/ ;1 = P,, we get

; (75)

(i(PD(a(p)x —x)+ tG(PD(aq))x)>
x=Py .
Thus from (8) x € D(0¢) and (75) reduces to

x = Py(G(x)),

which is a contradiction to (38).
Then

deg(idge — (idpr + 1. 5) ' (idgr + 1G) Ppag)-, By, 0) = deg(H (1, ), By, 0)
= deg(H(0, .), By, 0) = deg(idg: — (1./) "' ((G(Ppy).)), Br,0)
= deg(idgr — PyG(Pp@g))s Br,0). O

Proof of Claim 3. Let us consider the continuous homotopy % : [0, 1] x R" — R”" by

G(A,x) :=x — Pp(G(Jx + (1 = ) Pp@g)X).
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35

We claim that % (4, x) # 0,VA € [0, 1], x € OB,. Suppose on the contrary that there exists

x € 0B, and 4 € [0, 1] such that
x = PyG(Ax + (1 — D) Pp@g)X).
Then x € D(0¢) and thus
x = PypG(x),
which is a contradiction to (38). Thus
deg(idpr — PoG(Pp@¢)-), Br,0) =deg(%(0, .), B, 0)
=deg(9(1,.), B,,0) =deg(idg: — P»G(.), B,, 0). O
Proof of Claim 4. (a) Recalling that Pp )0 = 0, we obtain
| Pp@pyxll = 1 Pp@p)*x — Pp@p)Oll <llx|| <r<ro.
(b) Recalling that P, G(0) = 0 (see (29) and (42)), we get
1 PoG (Pp@gyx) | = [ PoG(Ppag)x) — PoGO)I <G (Pp@gx) — GO)|
<IPool + IF(Poep) — FOI <l +Co < 2L <oy,

2

(c) This follows from (a) and (39).
(d) We know that

u(O) = PD(aq,)x

and

<j—2(s), w—u(s)>+(F(u(s)), w—u(s))+ow)—eu(s)) =0, ae. s=>0.

Setting w = Pp(p¢p)x in (77), we obtain

d
<5(PD(6(,0)X —u(s)), Ppagp)x — u(S)> S(F(u(s)), Pp@gyx — u(s))

(76)

(77)

+ @(Pp@g)x) — @u(s)), ae. s=0.

Using (a), (c) and (37), we obtain

@(Pp@pyx) — @u(s)) < Cil| Ppagyx —u(s)|<Ci(ro+ 1).
We have also

(F(u(s)), Pp@g)x — u(s))

= (F(u(s)) — F(Pp@g)x), Pp@g)x — u(s)) + (F(Pp@¢)X), Pp@p)Xx — u(s))

<@l Pppyx — u)|I* + | F(Pp@gy) I Ppog)x — u(s)l|
<a(ro+ 1)* + (ro + D(IF (Ppag)x) — FO)|| + | FO)])
<@(ro + 1)* + (ro + D(Coro + | FO)]).
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Thus

1d 5 _

5 g5 1Pp@px —u()lI"< (ro+D(Ci+w(ro+1)+Coro + [ F(O)[), a.e. s=>0.

Consequently, for > 0, we have

t
d -
/O EHPD(G(/;)X —u(s) 1> ds <2(ro + (Cy + @(rg + 1) + Corg + [ F(O) )z
Using now (76), we obtain
I Pp@gyx — u(t)|| <Ot
(e) Using (c) and recalling that P, G(0) = 0, we get

[PpG )|l = || PG (u(r)) — PoG(O)|
SIG@(@®) = GO < lu@)| + [1Fw(r) — FO)

01
Slu@(1 + Co) < 5 < 01.
(f) Letr € (0, t*] be given. Using Theorem 4, we obtain

IS(t*) Pp@agpyx — SE)0| <V eX =D S(t) Pp@apyx — S()0]l.
Thus

(@) =V e2y/ e=20 | u (%) || > v/ e 201"

(g) From the definition of v(¢), we see that

>

oo

¢
4

Ppagpyx — v(t) + tG(Pp@gp)X)
t

€ .o y(v(1)).

Thus

<M, — v(t)> + (1) = G(Pp@g)x). w — v(1)

+ pw) — (@) =0, VYweR".
It results also that

v(t) — PD(aq,)x
t

and thus v(¢) € D).
(h) Applying the result in (g) with w := Pp@¢)X, we obtain

+v(t) — G(Pp@gp)x) € —0@(v(1))

1
;(v(t) — Pp@g)x, Pp@gp)x — v(1)) + (v(t) — G(Pp@¢)X), Pp@p)x — v(1))
+ @(Pp@agp)x) — @(v(1)) =0.
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Thus

1
v - Pp@gyx 1> + lv(t) — Pp@g)x|*

<APp@p)X — G(Pp@gp)Xx), Pp@apyx — v(t)) + @(Pp@gp)x) — @(v(t))

= (F(Pp@p)Xx), Pp@g)x — v(t)) + ¢(Pp@g)x) — ¢(v(1))

= (F(Pp@gp)x) — F(0), Pp@agp)x — v(®)) + (F(0), Ppiagpx) — (F(0), v(1))
+ @) — (@) + @(Pp@p)x) — ¢(0)

SIF(Pp@gyx) — FO) I Pp@gyx — vl + [1FO) I Pp@g)x |l
+ l@(Pp@g)x) — ¢(0)]

< Coroll Pp@gyx — v | + [1FO0)|lro + Ciro

< (Coro)? N I Ppg)x — v(®)]|*

2 2

+ [1£(0)[lro + Crro.

Thus

Corp)?
{ 020) + [ F(O)]lro + Ciro.

! 2
?||v(t) — Ppgyx |l <

Therefore
(1) = Pp@g)xl| OV,

(i) Let z € (0, T*] be given. From (a) and (h), we deduce that

) <OV + ro.

Thus
lo@)l é% +ro<do

and

01
+ro<

1
OIS ——— .
llv( )”\2(1+C0) 1 Co

(j) Letr € (0, T*] be given. Using (i), we get

[P (GO = [1Pp(G(v(1)) — Pp(GO)II <G (@) — GO
SOl +IF@®) — FOI< + Collvd)l<dr. O

Proof of Claim 5. Let us define the homotopy W : [0, 1] x R" — R" by
W (2, x):=x — Alidg + lﬂ¢)7l(ian +1G) Pp@pyx — (1 — A)S(I)Pp(a(p)x.

Note that W(4,x) =x — ZH(1,x) — (1 — 2)S(t) Pp@p)x where H is defined in Claim
2. The continuity of W follows from the continuity of the Poincaré operator S(¢) and the
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continuity of H (see Claim 2). We claim that W (4, x) # 0,V4 € [0, 1], x € 0B,. Indeed,

suppose on the contrary that there exists x € 0B, and /4 € [0, 1] such that
x = A(dpr + t,;zi(p)_l(ian +tG)Ppiagpyx + (1 — )S(t) Ppg)x.
Setting
u(t) :== S(t)Pp@gp)x
and
v(t) = (idpr + 1.7 5) " (idgr + 1G) Ppag) ¥,
we may write

x=v()+ (1 — Du(t).

The following calculations will show that this equality is impossible to satisfy on the time
interval (0, T']. Here u(t) € D(0¢) and v(r) € D(0¢) (see Claim 4(g)). Thus x € D(0p)

since D(O¢) is convex. It results that

PD(aq,)x =X.

Moreover, from Claims 1 and 2, we deduce that A € (0, 1). We know that

d
<£(S), w — M(S)> + (Fu(s)), w — u(s)) + @w) — @(u(s)) =0,

Yw e R*, ae.s=>0,

and thus
t dl/i t t
/ <—(s), w — u(s)> ds +/ @(w)ds —/ @(u(s))ds
0 ds 0 0
t
> —/ (F(u(s)),w —u(s))ds, Vw e R".
0

On the other hand

" Idu 1d
/ <—(s),u(s)—x> ds = / <—(u(s)—x),u(s) —x> ds
o \ds o \ds

1 [ d
=5/0 anu(s)—xnzds

1 1
=Sl = x|? = S u©) — x|

—ln (t) — x||*=0

Thus

t du t t t
/<—<s>,w—x> ds>/ @(u(s))ds—f co(w)ds—/ (w(s) — Gus)),
0 0 0 0

ds
x w —u(s))ds, Yw e R"

(78)

(79)
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Let us set
=(1) := ' s P ( X X dg

Setting w := Py (G(x)) in (79), we see that

t t t
20> /0 o(u(s)) ds — /0 0(Pp(G(x))) ds — fo (u(s) — Gu(s)), Py(G(x))
—u(s))ds

t t t
=/0 <P(M(S))ds—/o @(PW(G(X)))dS—/O (u(s) — G(u(s)), Pp(G(u(s)))

t
—u(s))ds —/0 (u(s) = Gu(s)), Pp(G(x)) — Pp(G(u(s)))) ds.
By definition of Py, we have

(Pp(Gu(s))) — Gu(s)), w — Pp(G(u(s)))) + @(w) — @(Pyp(G(u(s)))) =0,
Yw € R".

Setting w := u(s), we get
(Pp(G (u(5))), Gu(5))) = — (Pp(G(u(s))), u(s)) + (Gu(s)), u(s))
1 Po (G I? + @(Pe(Gu(s))) — @(us)).
Thus
Pu(s)) = P(Pp(G(x))) + (u(s) — Gu(s)), u(s) — Py(Gu(s))))
= @(u(5)) — P(Pp(G(X))) + u()|I* + (Gu(s)), Py(G(u(s))))
— (G (u(s)), u(s)) — (u(s), Pp(G(u(s))))
> 0(Pp(G(u(5)))) — @(P(G(x))) + u(s)|I* — 2{Py(G (u(5))), u(s))
+ 1 Po(Gu(s)|I*
= p(Py(G(u(s)))) — p(Pp(G(x))) + lu(s) — Py(Gu(s)))*.

Thus
t
E(t)2/0 @(Pp(Gu(s)))) — @(Pp(G(x))) + lluls) — Pp(G(u(s)))|1* ds
t
—/(; (u(s) — G(u(s)), Pp(G(x)) — Pp(G(u(s)))) ds.

Using Claim 4(e) and (a)—(d), we see that

P(Pp(Gu(s)))) — @(Pp(G(x)) S Cil| Pp(G(u(s))) — Pp(G(x))l
SCiIG(s) = G < Cillu(s) —xll + CLll F(u(s)) — F(x)l

<0(C + C1Co)/s.
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Using Claim 4(c), (a) and (d), we obtain also

(u(s) — G(u(s)), Pp(G(x)) — Pyp(G(u(s))))
SIF @) Pp(G(x)) — Pp(G(u(s))|
SUFEO) + Collu()IDIG(x) — Guls)|
SUFEO) + Co)llx — ul)Il + 1 F(x) — Fus)I)
SIF©O)] + Co)(1 + Co)llx — us)[| <UIF O] + Co)(1 + Co)0+/s.

Thus
= ! 2 2 3/2
)= fo lu(s) — Pp(G(u(s))|~ds — 59(1 + Co) (| F(O)]| + Co + C)E/~.

If |u(z)|| = r/4 then using Claim 4(f), we may assert that ||u(s)|| =>r/8, Vs € (0, t] and then
using (41), we obtain that

Eznt = PP it ) > . (80)
It is also clear that
)= —Cr?% i u@)| < %. (81)

By Claim 4(g), we know that

v(t) — x
< i v(t)> + (V) — G(x), w —v()) + @(w) — p(v(t)) =0,
Yw e R".
Moreover,

<v(t)t— x’ (_ v(t)> _ <v(t)t— x’ w— x> n <v(t)t— X . v(t)>

v(t) — x S o)
<< P ,w—x>—— 71 (u(t)_x’w_x>

_ (I—=2) ("/du d
=-— f0<$(s),w—x> S.

Setting v := (1 — A)/4, we see that

t
_ ;/(; <j—l;(s), w — x>ds + (v(t) — G(x), w — v(t)) + @(w) — @ (t)) =0,
Yw € R".
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1 Setting w := Py (G(x)), we get
t
2 < SHu@) = G(x), Pp(G(x)) = v(@)) + @(Pp(G(x))) — ¢ (v(1))]

= %[(v(t) —G@), Pp(G(x)) —v(@)) + (G(1)) — G(x), Pyp(G(x))
— (1) + @(Pp(G(x))) — @(v(1))]
= %[(v(t) —G@), Pp(G(w(1))) — v(1)) + @(Pyp(G(v(1)))) — @(v(1))
+ (v(@) = G((), Pp(G(x)) — Pp(G(v(1))) + (G (v(1)
—Gx), Pp(G(x)) — (1)) + ¢(Pp(G(x))) — ¢(Pp(G(v(1))))].
3 We know that

(Pp(G(v(2))) — G(v(1)), w — Pp(G(v(1))) + @(w) — ¢(Pyp(G(v(1)))) =0,
Yw € R".

5  Setting w := v(¢), we see that
(Pp(G(v(1)) — G(v(1)), Pp(G(v(1)) —v) + @(Pp(G(v(1)))) — @(v(1)) <0
7  and thus
V() = G((@)), Pp(G((1))) — v(1)) + @(Py(G(v(1))) — (v(t))
< — | Pp(G(t)) — v
9 Thus

E(n< — %IIPq:(G(v(t))) —v®)|*+ %[(v(t) = G(v(1)), Pp(G(x))
— Pp(G(v(1))) + (G(v(1)) — G(x), Pp(G(x)) — v(7))
+ @(Pp(G(x))) — @(Pp(G(v(1))))].
11 Using Claim 4(a), (h) and (i), we see that
(1) = G(1), Py(G(x) = Py(G(1))))
SIFE)IGH) — G@)l
SUIFO)] + Codo)([lx — vl + 1F(x) — F@))
<IF©O)] + Codo)(1 + Co)Or.
13 Using Claim 4(a), (b) and (i), we obtain also that
(GN) = G), Py(G(x) = v(1)
SUIP (G + o@Dl — v + [1F(x) — F@)I)
< (81 4 0)(1 4 Co) O/
15  Moreover, using Claim 4(b), (g), (a), (i) and (h), we get
[p(Pp(G(x))) — @(Pp(Gu())I S CrlPp(G(x)) — Pp(G(v()))l
<C1IGx) = G + Co)llx — v <Ci(l + Co)Or.
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Thus

s _ L DI+ 1327 5

2 < v”qu(G(v(t))) vOlI” + Sl (01 + Co)(IIF (O] + 01

+ (1 + Co)oo + C1)]
t C
<= SIP(G@) — v + 17

Thus

t C .
E(< — 112; + ;ﬁ/z if vl > (82)

.
8
and
c
Eo<—r? i ol < % (83)

If ||u(?)|| =r/4 and ||v(¢)|| =r/8 then from (80) and (82), we get

Pt — g — V,zf I £t3/2
v vV

and thus t > 174 /C 2 which is a contradiction since t <T < %174 /C 2
If Ju(®)|| <r/4 and |[v(¢)|| =r/8 then from (81) and (82), we get
t C
—Cr32 < — -+ =12 (84)
\Y

Using Claim 4(i), we see that

_ @ =l _ @l +Ixl
e — w1~ lxll = @l =

where v* = %(50 +r)/r. Here (84) yields t >n*/C>(v* + 1)2 which contradicts 7 < T.
If |Ju(t)|| =r/4 and ||v(¢)|| <r/8 then from (80) and (83), we get

C
0t — Ct3/2<;t3/2. (85)

Using Claim 4(c), we see that

_ Nv@ =l llxll = Tv@)ll
v= >
lx —u@l = lxll + lu@)]

= Viky

where v, =7r/8(1 4 r). Then (85) gives t > 114/C2(1/v* + 1)2 and a contradiction to 7 < 7.
If Ju(r)|| <r/4 and ||v(¢)|| <r/8 then

x| <A@ + (1 — Dllu)] @g (- A)% <r

which is a contradiction since x € 0B,.
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Consequently one has x # Av(t) + (1 — D)u(t),Vx € 0B,, 1 € [0, 1] so that we have
proved W (4, x) #0,Vx € 0B,, A € [0, 1]. Thus

deg(idpr — (idge + 1.97) ' (idgr + 1G) Ppag).» By, 0) = deg(W(1,.), B,, 0)
= deg(W(Oa ')7 B}’7 O) = deg(lan - S(I)PD(a(p)9 Bl‘a 0)
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