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Part II : center manifolds for maps

Outline :

• Introduction : main ideas, basic references

• Discrete spatial dynamics, unbounded infinite-dimensional
maps

• Center manifold theorem for unbounded maps

• Application : time-periodic oscillations in FPU



Introduction
Problem : dynamics of an iterated map close to a fixed point.

Classical context : Poincaré map for an autonomous or periodic
differential equation / PDE

• Fixed point x0 of the Poincaré map P ô periodic orbit γ of
the flow.

• From local dynamics of P : stability of γ, local bifurcations.

• Can such informations be extracted from a lower-dim map ?

From : J.D. Meiss, Differential dynamical systems, SIAM ’07



Introduction
Example : N ` 1 coupled oscillators :yn ` fnpyn, 9ynq “ ε gnpy , 9yq

• Phase space in the uncoupled case ε “ 0 :

n = 0n ≠ 0 n ≠ 0

• A periodic orbit γ with oscillations localized near n “ 0
persists for ε ! 1 under nondegeneracy conditions (Sepulchre
and MacKay, Nonlinearity 10, ’97).

• SpecpDPpx0qq “ 2N stable eigenvalues (| ¨ | ă 1) Ytσ0 u

• If σ0 « 1 (while stable spectrum remains far away) : local
reduction to 1D map on a center manifold



Introduction

Example of a 1D center manifold for a 2D map :

xn`1 “ µ´ e´xn ´
1

2
xn yn

yn`1 “
1

2
pyn ´ x2

n q

For µ “ 1.01, orbits close to the origin are attracted by a center
manifold which contains a pair of (stable and unstable) fixed
points :



Introduction

Local center manifolds for C k maps (k ě 2) :

un`1 “ F pun, µq, F : RN ˆ Rp Ñ RN is C k , F p0, 0q “ 0

RN “ Xc ‘ Xh invariant under L “ DuF p0, 0q

Eigenvalues σk : for L|Xc
: |σk | “ 1, for L|Xh

: |σk | ‰ 1

Local dynamics : un`1 “ L un, un`1 “ Fpun, µq pµ « 0q



Introduction

Properties of the C k center manifold Mµ for µ « 0 :

• Mµ locally invariant by F p., µq

• Mµ has same dimension as Xc , is tangent to Xc at u “ 0 for
µ “ 0

• Mµ contains all orbits staying in some neighborhood of u “ 0
for all n P Z

• If |σk | ă 1 on Xh (i.e. no unstable eigenvalue in the hyperbolic
part of the spectrum for µ “ 0) :
Mµ is locally exponentially attracting, and the stability of
fixed points of F p., µq|Mµ

close to u “ 0 is the same as for
F p., µq.



Introduction
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Discrete spatial dynamics
Provides an application of center manifold reduction involving
unbounded infinite-dimensional maps

Fermi-Pasta-Ulam (FPU) model :

d2xn
dt2

“ V 1pxn`1 ´ xnq ´ V 1pxn ´ xn´1q, n P Z

xnptq P R

Anharmonic interaction potential V : V 1p0q “ 0, V 2p0q ą 0.

�

�
�



Discrete spatial dynamics

d2xn
dt2

“ V 1pxn`1 ´ xnq ´ V 1pxn ´ xn´1q, n P Z

Invariances :
xnptq Ñ xnptq ` c (c P R), xnptq Ñ ´x´nptq

• We want to determine time-periodic solutions (period T )
close to xn “ 0.

• In particular breathers (spatially localized)

xnpt ` T q “ xnptq, limnÑ˘8 } xn ´ c˘ }L8 “ 0, c˘ P R



Discrete spatial dynamics

d2xn
dt2

“ V 1pxn`1 ´ xnq ´ V 1pxn ´ xn´1q, n P Z

V 1p0q “ 0, V 2p0q “ 1

• New variable : ynpω tq “ V 1pxnptq ´ xn´1ptqq, T “ 2π{ω

• Breather solutions satisfy limnÑ˘8 } yn }L8 “ 0

• We search for yn satisfying :

ż 2π

0
ynptq dt “ 0, ynpt ` 2πq “ ynptq

Reformulation of FPU :
W “ pV 1q´1, frequency ω = bifurcation parameter

ω2 d2

dt2
W pynq “ yn`1 ´ 2yn ` yn´1, n P Z



Discrete spatial dynamics
Notations : H0 “ L2

per p0, 2πq (square-integrable periodic functions)
Sobolev space Hp

per p0, 2πq : pth first derivatives in L2
per p0, 2πq

Hp “ t y P Hp
per p0, 2πq { y is even,

ż 2π

0
y dt “ 0 u

Mapping for Yn “ pyn´1, ynqP D, loop space D “ H2 ˆ H2

@n P Z, Yn`1 “ FωpYnq in X “ H2 ˆ H0

Fωpyn´1, ynq “
´

yn , ω
2 d2

dt2W pynq ` 2yn ´ yn´1

¯

Fω : D Ñ X is C k near Y “ 0

‚ Fω and T commute, pT Y q ptq “ Y pt ` πq

‚ Reversibility : Yn solution ñ R Y´n solution, R “

ˆ

0 1
1 0

˙



Discrete spatial dynamics
Linearized operator at Y “ 0 : D Ă X Ñ X closed, unbounded

DFωp0qpx , yq “
´

y , pω2 d2

dt2 ` 2qy ´ x
¯

Eigenvalues σk , σ
´1
k (k ě 1) : σ2 ` pω2k2 ´ 2qσ ` 1 “ 0

Eigenvalues near the unit circle
for ω « 2 : ï1m1 m1

ï1

m1

m1

ï1

ω ą 2 ω “ 2 ω ă 2

For ω “ 2 : spectrum on the unit circle = double non semi-simple
eigenvalue ´1

X “ Xc ‘ Xh

Ó

gen. eigenspace for σ “ ´1

#

Xc “ Span tpcos t, 0q, p0, cos tqu

Xh “ Span tpcospktq, 0q, p0, cospktqq, k ě 2u



Center manifolds for unbounded maps

@n P Z, un P D,

un`1 “ L un ` Npun, µq P X

,

.

-

Hilbert spaces

L : D Ă X Ñ X closed unbounded linear operator

Nonlinear term : N : D ˆ Rp Ñ X is C k (k ě 2)
Np0, 0q “ 0, DuNp0, 0q “ 0.

Parameter µ P Rp, µ « 0.

FPU : Yn`1 “ FωpYnq

$

&

%

L “ DFω“2p0q, µ “ ω2 ´ 4

N “ Fω ´ L “ Op }Yn}
2
D ` }Yn}D |µ| q



Center manifolds for unbounded maps

SPECTRUM OF L :

σpLq “ σs Y σc Y σu,
C(r)

C(R)

SPECTRAL SEPARATION :

Sup
z P σs

|z | ă 1, |z | “ 1 @z P σc , Inf
z P σu

|z | ą 1



Center manifolds for unbounded maps

SPECTRUM OF L :

σpLq “ σs Y σc Y σu,
C(r)

C(R)

spectral projections on stable / central subspace (regularizing) :
$

’

&

’

%

πs “ 1
2iπ

ş

Cprq pzI ´ Lq´1 dz ,

πc “ 1
2iπ

ş

CpRq pzI ´ Lq´1 dz ´ πs

Xc “ πc X Ă D, Xs “ πs X Ă D,
πh “ IX ´ πc , Xh “ πh X , Dh “ πh D



Center manifolds for unbounded maps

un`1 “ L un ` Npun, µq pE q

THEOREM 1 : Assume spectral separation for L

Then there exist neighborhoods of 0 : Ω Ă D, Λ Ă Rp,
a C k local center manifold Mµ Ă D (µ P Λ) :

• Mµ same dimension as Xc , tangent to Xc at u “ 0 for µ “ 0,

Mµ “ t y P D { y “ x`ψpx , µq, x P Xc X Ω u, ψ : XcˆRp Ñ Dh

• Mµ is locally invariant under L` Np., µq,

• (E) invariant under a linear isometry ñMµ invariant under
this isometry,

• (E) reversible mapping (+ technical assumptions) ñMµ

invariant under the reversibility symmetry.



Center manifolds for unbounded maps

un`1 “ L un ` Npun, µq pE q

THEOREM 1 : (sequel) Assume spectral separation for L

Mµ “ t y P D { y “ x`ψpx , µq, x P Xc XΩ u, ψ : XcˆRp Ñ Dh

• Local reduction of (E) :

punq solution of pE q

un P Ω for all n P Z

,

.

-

ñ un PMµ for all n P Z

If dim Xc ă 8 :
local infinite-dimensional problem ðñ finite-dimensional mapping
on Mµ



Center manifolds for unbounded maps

Reduced mapping on the center manifold : if un PMµ for all n P Z
then ucn “ πcun satisfies the C k recurrence relation in Xc :

@n P Z, ucn`1 “ f pucn , µq

f p., µq “ πc pL` Np., µqq ˝ pI ` ψp., µqq

Functional equation satisfied by the reduction function ψ :

ψpLc x`πc Npx`ψpx , µq, µq, µq “ Lh ψpx , µq`πh Npx`ψpx , µq, µq

To compute the Taylor expansion of ψ at px , µq “ p0, 0q :

• expand each side of the functional equation with respect to
px , µq and identify terms of equal order

• ùñ hierarchy of linear problems for the Taylor coefficients of
ψ which can be solved by induction, starting from lowest order



Center manifolds for unbounded maps

General ideas of the proof

Cut-off on nonlinear terms : Nεpu, µq “ Npu, µqχpε´1 }u}Dq

χ : RÑ R is C8,

"

χpxq “ 1 for x P r0, 1s,
χpxq “ 0 for x ě 2.

Locally equivalent problem :

un`1 “ L un ` Nεpun, µq @n P Z

Splitting on central and hyperbolic subspaces :

ucn`1 “ Lc u
c
n ` πc Nεpun, µq,

uhn`1 “ Lh u
h
n ` πh Nεpun, µq,

ucn “ πc un, Lc “ L|Xc

uhn “ πh un, Lh “ L|Xh

Step 1 : corresponding affine equations f “ pfnqnPZ, u “ punqnPZ



Center manifolds for unbounded maps
Affine equation on Xc : ucn`1 “ Lc u

c
n ` f cn , @n P Z

Lc , L
´1
c P LpXcq ñ initial value problem has unique solution :

ucn “ Lnc u
c
0`pKc f

c qn, pKc f qn “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

n´1
ÿ

k“0

Ln´1´k
c fk for n ě 1,

0 for n “ 0,

´

´1
ÿ

k“n

Ln´1´k
c fk for n ď ´1.

Possible divergence of u : f P `8pXcq œ u P `8pXcq. Appropriate
spaces :

f P BνpXcq ñ u P BνpXcq since limkÑ`8 }L
˘k
c }

1{k
LpXc q

“ 1

ν P p0, 1q, BνpXcq “ t u { un P Xc , Sup
n P Z

ν|n| }un}Xc ă `8 u



Center manifolds for unbounded maps

Affine equation on Xh : for any f h P `8pXhq, we solve

uh P `8pDhq, uhn`1 “ Lh u
h
n ` f hn @n P Z.

Lh : DhĂ Xh Ñ Xh unbounded. Unique bounded sol. uh “ Kh f
h

a) Existence :

uhn “
`8
ÿ

k“´8

Gn´k f
h
k , Gq “

#

Lq´1
s πs for q ě 1,

´pL´1
u q

1´q
πu for q ď 0.

Notations :
σpLhq “ σsYσu “ σpLsqYσpLuq, Xh “ Ds‘Xu, IXh

“ πs`πu.

DsĂ Dh, Ls “ L|Ds
P LpDsq

Lu : DuĂ Xu Ñ Xu unbounded, L´1
u P LpXu,Duq

Spectral gap ñ Gq : Xh Ñ Dh, }Gq}LpXh,Dhq
ď κ r |q|, r P p0, 1q



Center manifolds for unbounded maps

b) Uniqueness : spectral separation ñ for f h “ 0, nontrivial
solutions uh ‰ 0 diverge exponentially as nÑ `8 or ´8.

Step 2 : non-local equation

u “ Lnc u
c
0 ` pKcπc ` KhπhqNεpu, µq

Solved for ε « 0 and any fixed puc0 , µq P Xc ˆ Rp, with }µ} ď ε2.
Contraction mapping theorem in BνpDq ñ unique solution

un “ φεnpu
c
0 , µq

By uniqueness un`p “ φεn`ppu
c
0 , µq “ φεnpu

c
p , µq. Fixing n “ 0 :

up “ φε0pu
c
p , µq @p P Z.

φε0p., µq : Xc Ñ D continuous (C k for ε ă ε0pkq, more technical).



Breathers in FPU

@n P Z, yn P H
2, ω2 d2

dt2
W pynq “ yn`1´2yn` yn´1 pE q

H2 “ t y P H2
per p0, 2πq { y is even,

ż 2π

0
y dt “ 0 u

THEOREM 2 : Reduction near yn “ 0 and ω “ 2 (bif. at σ “ ´1)

If y “ pynq solution of (E), }y}`8pH2q ` |ω ´ 2| small enough,

then yn “ βn cos t ` ϕωpβn´1, βnq, ϕω : R2 Ñ H2 is C k

ϕω “ ´
1

16 V
p3qp0q cos p2tq pβn´1 βn `

1
2 β

2
n´1 ´

7
2 β

2
n q ` h.o.t.

“Reduced” recurrence relation : invariances nÑ ´n, βn Ñ ´βn

βn`1 ` 2βn ` βn´1 “ ´4pω ´ 2qβn ` b β3
n ` h.o.t.,

b “
1

2
V p4qp0q ´ pV p3qp0qq2



Breathers in FPU

ñ study of a reversible mapping in R2 :

un “ p´1qn βn, un`1´ 2un` un´1 “ 4pω´ 2q un´ b u3
n ` h.o.t.

Un`1 “ GωpUnq,

Un “ pun, vnq, vn “ un ´ un´1.

Orbits of the map
for b ą 0, ω ą 2, ω « 2 : −0.5 0 0.5

−0.2

0

0.2

un

v n

U1
1

U0
2

Continuum limit : µ “ 4pω ´ 2q « 0

un “

c

µ

b
upn
?
µq ` Op|µ|q ñ u2 “ u ´ u3

Under this approx : b ą 0 ñ homoclinic orbits to 0 ñ “breathers”



Breathers in FPU

ñ study of a reversible mapping in R2 :

un “ p´1qn βn, un`1´ 2un` un´1 “ 4pω´ 2q un´ b u3
n ` h.o.t.

Un`1 “ GωpUnq,

Un “ pun, vnq, vn “ un ´ un´1.

Orbits of the map
for b ą 0, ω ą 2, ω « 2 : −0.5 0 0.5

−0.2

0

0.2

un

v n

U1
1

U0
2

pGωRi q
2
“ I , symmetries R1 pu, vq “ pu ´ v ,´vq, R2 “ R1 Gω

Dashed curves : fixed points of R1 (axis v “ 0) and R2.

Reversible orbits homoclinic to 0 : R1U
1
´n`2 “ U1

n , R2U
2
´n “ U2

n

ñ “breathers”



Breathers in FPU

Reversible mapping in R2 :

un “ p´1qn βn, un`1´ 2un` un´1 “ 4pω´ 2q un´ b u3
n ` h.o.t.

Un`1 “ GωpUnq,

Un “ pun, vnq, vn “ un ´ un´1.

Orbits of the map
for b ă 0, ω ă 2, ω « 2 : −0.2 0 0.2

−0.1

0

0.1

un

v n

UU40
3
1

*(u,0)(ïu,0)*

pGωRi q
2
“ I , symmetries R3 “ ´R1, R4 “ ´R2

Dashed lines : fixed points of R3 (v “ 2 u) and R4 (u “ 0).

b ă 0 ñ heteroclinic orbits : R3U
3
´n`2 “ U3

n , R4U
4
´n “ U4

n

ñ “dark breathers”



Breathers in FPU

d2xn
dt2

“ V 1pxn`1 ´ xnq ´ V 1pxn ´ xn´1q, ynptq “ V 1pxn ´ xn´1qpt{ωq

yn P H
2
per p0, 2πq, ω2 d2

dt2
W pynq “ yn`1 ´ 2yn ` yn´1, n P Z

THEOREM 3 : D solutions xn, frequency ω « 2, amplitude
Op|ω ´ 2|1{2q, “breathers” (ω ą 2) or “dark breathers” (ω ă 2).

a) If 1
2V

p4qp0q ´ pV p3qp0qq
2
ą 0 : breathers y1

n , y2
n ,

lim
nÑ˘8

}y i
n}H2 “ 0, y1

´n`1ptq “ y1
n pt ` πq, y2

´nptq “ y2
n ptq

b) If 1
2V

p4qp0q ´ pV p3qp0qq
2
ă 0 : dark breathers y3

n , y4
n ,

homoclinic to a binary oscillation y0
n “ ypt ` nπq

lim
nÑ´8

}y i
n ´ y0

n`1}H2 “ 0, lim
nÑ`8

}y i
n ´ y0

n }H2 “ 0

y3
´n`1 “ y3

n , y4
´nptq “ y4

n pt ` πq



Breathers in FPU
Principal part of yn “ slow spatial modulation of a standing wave
of the linearized problem : ynptq “ p´1qn cos t

-0.2

-0.1

0

0.1

0.2

-40 -30 -20 -10 0 10 20 30 40

y  (0)n

n

Figure: Breather

-0.12

-0.06

0

0.06

0.12

-20 -10 0 10 20

y (0)n

n

Figure: Dark breather

Ò Profiles for ω « 2 : (Sanchez-Rey, G. J., Cuevas, Archilla, ’04)
‚ numerically computed solutions for polynomial potentials
(circles)
‚ analytical approximations obtained using the reduced map
(dashed line)



Breathers in FPU

d2xn
dt2

“ V 1pxn`1 ´ xnq ´ V 1pxn ´ xn´1q

Relative displacements and interaction forces :

zn “ xn ´ xn´1, ynpω tq “ V 1pznqptq, µ “ ω2 ´ 4 ! 1

Exact breather solutions : zn “ p´1qnun cos pωtq ` Op|µ|q

un`1 ` un´1 ´ 2un “ µ un ´ b u3
n ` h.o.t., pµ, b ą 0q

Principal part as µÑ 0 :

un “

c

µ

b
upn
?
µq ` Op|µ|q with u2 “ u ´ u3

znptq “ p´1qn
b

2µ
b

cosωt
coshpn

?
µq ` Op|µ|q close to NLS approx.
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Part III : center manifolds for differential equations

Outline :

• Finite-dimensional case

• Differential equations in Banach spaces

(PDE, lattices, differential equations with delay and/or
advance terms,...)

• Application : pulsating traveling waves in the
Fermi-Pasta-Ulam model



Center manifolds for finite-dimensional ODE
Example (Lorenz system) :

x 1 “ y ´ x

y 1 “ x ´ y ´ x z

z 1 “ x y ´ z

• spectrum of the linearization at 0 : t0u Y t´1 , ´2 u
• kernel spanned by p1, 1, 0qT

• in a neighborhood of 0, trajectories attracted (exponentially)
by a 1D center manifold (in red), 0 asymptotically stable :



Center manifolds for finite-dimensional ODE

Local center manifolds for C k (k ě 2) differential equations in Rn :

pE q u1 “ F pu, µq, F : RN ˆ Rp Ñ RN is C k , F p0, 0q “ 0

RN “ Xc ‘ Xh invariant under L “ DuF p0, 0q

Eigenvalues σk : Reσk “ 0 for Lc “ L|Xc
, Reσk ‰ 0 for Lh “ L|Xh

Local dynamics : u1 “ L u, u1 “ Fpu, µq pµ « 0q



Center manifolds for finite-dimensional ODE

Properties of the C k center manifold Mµ for µ « 0 :

• Mµ locally invariant by the flow

• Mµ has same dimension as Xc , is tangent to Xc at u “ 0 for
µ “ 0

• Mµ contains all orbits staying in some neighborhood of u “ 0
for all t P R

• If Reσk ă 0 on Xh (i.e. no unstable eigenvalue for µ “ 0) :
Mµ is locally exponentially attracting, and the stability of
equilibria close to u “ 0 is determined by the flow on Mµ.

• (E) invariant under a linear isometry ñ D Mµ invariant under
this isometry,

• (E) reversible (i.e. F p., µq anticommutes with a symmmetry)
ñ D Mµ invariant under the reversibility symmetry.



Center manifolds for finite-dimensional ODE

Notations :

• F “ L` N, Npu, µq “ Op|µ| ` }u}2q

• πc , πh : spectral projections on Xc ,Xh

• Mµ locally the graph of ψp., µq : Xc Ñ Xh

Reduced equation on the center manifold :
if uptq PMµ for all t P R then uc “ πcu satisfies the reduced
equation in Xc :

u1c “ f puc , µq

f p., µq “ πc pL` Np., µqq ˝ pI ` ψp., µqq



Center manifolds for finite-dimensional ODE

The reduction function ψ satisfies :

pPq Dxψpx , µq f px , µq “ Lh ψpx , µq ` πh Npx ` ψpx , µq, µq

• If dimXc ě 2 then (P) corresponds to a PDE.

• Interpretation of (P) : vector field L` Np., µq tangent to the
center manifold

To compute the Taylor expansion of ψ at px , µq “ p0, 0q :

• expand each side of (P) with respect to px , µq and identify
terms of equal order

• ùñ hierarchy of linear problems for the Taylor coefficients of
ψ which can be solved by induction, starting from lowest order

• if the parameterization of Mµ is changed by allowing ψ to
have a component of Xc , the reduced equation may be greatly
simplified (normal form).



Center manifolds for finite-dimensional ODE
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Center manifolds in infinite dimensions

General framework : differential equation in a Banach space X :

du

dt
“ L u ` Npu, µq µ P Rp small parameter

Assumptions :

• Consider three Banach spaces with continuous embeddings :
D Ă Y Ă X

• Linear term L P LpD,X q
• Nonlinear term N P C kpD ˆ Rp,Y q (k ě 2), Np0, 0q “ 0,
DuNp0, 0q “ 0

• uptq P D, du
dt ptq P X

Applications :
PDE, lattices, differential equations with delay, advance-delay



Center manifolds in infinite dimensions

Example :

ut “ uxx ` u ` µ u ´ u puxq
2, x P p0, πq

with boundary conditions u “ 0 at x “ 0 and x “ π

• Identification upx , tq Ñ ruptqspxq.

• Basic space : X “ L2p0, πq. Domain : Sobolev space
D “ H2p0, πq X H1

0 p0, πq.

• We search for u P C 0pR,Dq X C 1pR,X q solution of

du

dt
“ L u ` Npu, µq

with L “ d2

dx2 ` 1,
Npu, µq “ µ u ´ u puxq

2 : D ˆ RÑ H1
0 p0, πq “ Y



Center manifolds in infinite dimensions

Assumption 1 : spectral separation σpLq “ σc Y σh

σc Ă i R, inf
λPσh

|Reλ| ą 0

Assumption 2 : σc consists of a finite number of eigenvalues with
finite multiplicities. (Xc :“

À

generalized eigenspaces Ă D)

�

Spectral projection on Xc : πc “
1

2iπ

ş

C pzI ´ Lq´1 dz
Notations : πh “ I ´ πc , Xh “ πh X , Dh “ πh D, Yh “ πh Y



Center manifolds in infinite dimensions

Assumption 3 : on the affine equation on Xh

duh
dt

“ L uh ` fhptq

For all fh P C
0
boundedpR,Yhq, there exists a unique solution

uh P C
0
boundedpR,Dhq and the map fh ÞÑ uh is continuous.

• Automatic if L P LpX q with spectral separation, in particular
in finite dimension :

uh “

ż

R
G pt ´ sq fhpsq ds, G pτq “

"

eLsτπs for τ ą 0
´eLuτπu for τ ă 0

• Tools : semigroup theory (resolvent estimates), transform
techniques (Fourier, Laplace)



Center manifolds in infinite dimensions

Under assumptions 1, 2, 3 on the linear problem, there exists for
µ « 0 a C k local center manifold Mµ (same dimension as Xc ,
tangent to Xc at u “ 0 for µ “ 0) satisfying :

• Mµ locally invariant by the flow (well-defined on the
finite-dimensional center manifold)

• Mµ contains all orbits staying in some neighborhood of u “ 0
in D for all t P R

• Mµ invariant under the symmetries of the evolution problem
(isometries in D)

• If ReσpLq ă 0 on Xh (i.e. no unstable eigenvalue for µ “ 0),
and if the homogeneous linear initial value problem on Dh is
well posed for t ě 0, with u “ 0 exponentially asymptotically
stable in Dh, then Mµ is locally exponentially attracting.



Center manifolds in infinite dimensions
Example (continued) :

ut “ uxx ` u ` µ u ´ u puxq
2, x P p0, πq

with boundary conditions u “ 0 at x “ 0 and x “ π

L “ d2

dx2 ` 1 with the above boundary conditions

σpLq : simple eigenvalues 1´ k2 (k ě 1), eigenvectors sinpk xq

σc “ t0u, πc “ orthogonal projection (wrt p., .qL2) on Xc “ R sin x

Solution to the affine equation :

ruhptqspxq “
ÿ

kě2

sinpk xq

ż t

´8

ep1´k
2qpt´sqbkpsq ds

for rfhptqspxq “
ř

kě2 sinpk xq bkptq



Center manifolds in infinite dimensions

Example (continued) :

ut “ uxx ` u ` µ u ´ u puxq
2, x P p0, πq

with boundary conditions u “ 0 at x “ 0 and x “ π

For µ « 0, there exists a one-dimensional local center manifold

Mµ “ t u “ A sin x ` ψpA, µq, A P p´ρ, ρq u

ψ : R2 Ñ psin xqK X D, ψpA, µq “ Op|A|3 ` |Aµ|q is odd in A

Reduced equation :

A1 “ µA´
1

4
A3 ` h.o.t.

ùñ supercritical pitchfork bifurcation (invariance AÑ ´A).
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Application : pulsating traveling waves in FPU

d2un
dt2

“ V 1pun`1 ´ unq ´ V 1pun ´ un´1q, n P Z

pV 1p0q “ 0,V 2p0q “ 1q

We look for pulsating traveling waves :

unptq “ un´ppt ´ p τq, for fixed p ě 1 and τ ą 0

Formulation in a frame moving at constant velocity :
unptq “ ynpxq, x “ n ´ t{τ
Advance-delay differential equation for ynpxq “ unpτpn ´ xqq :

1

τ2

d2yn
dx2

“ V 1pyn`1px ` 1q ´ ynpxqq ´ V 1pynpxq ´ yn´1px ´ 1qq.

yn`ppxq “ ynpxq



Pulsating traveling waves in FPU

Formulation as an infinite-dimensional reversible evolution pb. :

Additional variables : Ynpx , vq “ ynpx ` vq, ξn “
dyn
dx

dyn
dx

“ ξn,

dξn
dx

“ τ2r V 1pYn`1px , 1q ´ ynpxqq ´ V 1pynpxq ´ Yn´1px ,´1qq s,

BYn

Bx
“

BYn

Bv

Evolution problem for Upxq “ pUnpxqqnPZ,

Un “ pyn, ξn,Ynpvqq
T , Un`p “ Un, Yn|v“0 “ yn



Pulsating traveling waves in FPU

dU

dx
“ LτU ` τ

2 MpUq

D :“ DpLτ q : sequences U “ pUnqnPZ in R2 ˆ C 1p r´1, 1s q, with
period p, general term Un “ pyn, ξn,Ynpvqq

T with Yn|v“0 “ yn.

pLτUqn “

¨

˝

ξn
τ2pδ1Yn`1 ´ 2yn ` δ´1Yn´1q

dYn
dv

˛

‚

MpUq : DÑ D,
MpUq “ Op }U}2 q as U Ñ 0.



Pulsating traveling waves in FPU

• Reversibility symmetry R

pRUqn “ p´y´n, ξ´n,´Y´np´vqq
T .

Upxq is a solution ùñ RUp´xq is a solution

• Index shift σ
pσUqn “ Un`1

Upxq is a solution ùñ σUpxq is a solution

• First integral ( x plays the role of time ! )

Iτ pUq “
1

p

p
ÿ

n“1

´

ξn ´ τ
2

ż 1

0
V 1pYn`1pvq ´ Ynpv ´ 1qq dv

¯

Originates from the invariance yn Ñ yn ` c



Pulsating traveling waves in FPU

Spectrum of Lτ : isolated eigenvalues, finite multiplicities

z eigenvalue ô

p´1
ź

m“0

“ z2

τ2
` 2p 1´ cosh pz ´ 2iπm{pq q

‰

“ 0

Spectrum on the imaginary axis given by : z “ iλ (λ P R),

|λ|

τ
“ 2

ˇ

ˇ sin
`λ

2
´ π

m

p

˘ˇ

ˇ, m P t 0, . . . , p ´ 1 u.

Particle displacements : normal modes

unptq “ ynpn ´ t{τq “ a e i λpn´t{τq e´i n p2πm{pq ` c.c. “ a e ipqn´ωtq`c.c.,

with |ω| “ 2| sin pq{2q|, q “ λ´ 2πm{p, ω “ λ
τ .
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Spectrum of Lτ near the imaginary axis

T<1 T=1 T=T1<T<T T<T<T
1 1 1 2

pï1 pairs

Figure: Eigenvalue : ‚ “ simple, ˆ “ double, ˚ “ quadruple.
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The critical parameter values 1 ă τ1 ă τ2 ă . . . ă τk ă τk`1 ă . . .
(and bifurcating eigenvalues iλ) are given by :

τ “

c

1`
λ2

4

λ

2
“ tan

`λ

2
´ π

m

p

˘

, m P t0, . . . , p ´ 1u.

For the corresponding normal modes :

1
τk
“ w 1pqq (group velocity), ω1pqqpq ` 2πm

p q “ ωpqq.
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Spectrum of L “ Lτk on the imaginary axis :

T=Tk

N simple eigenvalues

• N “ p ` 2pk ´ 1q pairs of simple eigenvalues ˘iλ1, . . . ,˘iλN ,
λj Ñ m “ mj , eigenvector ζj ,

• 2 pairs of double eigenvalues ˘iλ0,
λ0 Ñ m “ m0, eigenvector ζ0, generalized eigenvector η0,

• double eigenvalue 0,
λ “ 0 Ñ m “ 0, eigenvector χ0, generalized eigenvector χ1.

ñ dimension of the central subspace “ 2N ` 6
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solution ynpxq “ ax ` b ñ solution Upxq “ pax ` bqχ0 ` aχ1

invariance yn Ñ yn ` q ñ invariance U Ñ U ` qχ0

Invariant subspaces under Lτk :
D “ Vectpχ0, χ1q ‘ D1

Upxq “ qpxqχ0 ` dpxqχ1 ` V pxq
loooooooomoooooooon

“ qpxqχ0 ` W pxq

dq

dx
“ d

dW

dx
“ L̃τW ` τ2 MpW q

X1
0

X
0

V

W(x)

U(x)
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Small amplitude solutions : Sup
x P R

}W pxq }D « 0

THEOREM 1 :
For τ « τk , small amplitude Ă 2N ` 6-dim center manifold :

Upxq “ Apxqζ0 ` Bpxqη0 `

N
ÿ

j“1

Cjpxqζj ` c.c.` Dpxqχ1 ` qpxqχ0

`ψpApxq,Bpxq,C pxq, Āpxq, B̄pxq, C̄ pxq,Dpxq, τq,

with C “ pC1, . . . ,CNq.
Coordinates of solutions :

pA,B,C1, . . . ,CN , Ā, B̄, C̄1, . . . , C̄N ,D, qq P C2N`4 ˆ R2

ψ P CmpC2N`4 ˆ R2,Dq, ψp0, τq “ 0,Dψp0, τkq “ 0.
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THEOREM 2 : Normal form of order 3
The center manifold can be parameterized locally in order to
have (for }W }D « 0, τ « τk)

dA

dx
“ iλ0A` B ` iAPp|A|2, I ,Q,Dq ` h.o.t.,

dB

dx
“ iλ0B ` riBP ` ASsp|A|2, I ,Q,Dq ` h.o.t.,

dCj

dx
“ iλjCj ` iCjQjp|A|

2, I ,Q,Dq ` h.o.t., pj “ 1, . . .Nq

dD

dx
“ 0,

dq

dx
“ D ` χ˚1 pψpA,B,C , Ā, B̄, C̄ ,D, τqq.

Reversibility symmetry R : pA,B,C ,D, qq ÞÑ pĀ,´B̄, C̄ ,D,´qq

Invariance under
σ “ diagpe´2iπ

m0
p , e´2iπ

m0
p , e´2iπ

m1
p , . . . , e´2iπ

mN
p , 1, 1q
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THEOREM 2 : Normal form of order 3
The center manifold can be parameterized locally in order to
have (for }W }D « 0, τ « τk)

dA

dx
“ iλ0A` B ` iAPp|A|2, I ,Q,Dq ` h.o.t.,

dB

dx
“ iλ0B ` riBP ` ASsp|A|2, I ,Q,Dq ` h.o.t.,

dCj

dx
“ iλjCj ` iCjQjp|A|

2, I ,Q,Dq ` h.o.t., pj “ 1, . . .Nq

dD

dx
“ 0,

dq

dx
“ D`χ˚1 pψpA,B,C , Ā, B̄, C̄ ,D, τqq.

χ˚1 : linear form (coordinate along χ1).
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THEOREM 2 : Normal form of order 3
The center manifold can be parameterized locally in order to
have (for }W }D « 0, τ « τk)

dA

dx
“ iλ0A` B ` iAPp|A|2, I ,Q,Dq ` h.o.t.,

dB

dx
“ iλ0B ` riBP ` ASsp|A|2, I ,Q,Dq ` h.o.t.,

dCj

dx
“ iλjCj ` iCjQjp|A|

2, I ,Q,Dq ` h.o.t., pj “ 1, . . .Nq

dD

dx
“ 0,

dq

dx
“ D ` χ˚1 pψpA,B,C , Ā, B̄, C̄ ,D, τqq.

Principal part : cubic polynomial in A,B,C , complex conjugates,
and D.
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THEOREM 2 : Normal form of order 3
The center manifold can be parameterized locally in order to
have (for }W }D « 0, τ « τk)

dA

dx
“ iλ0A` B ` iAPp|A|2, I ,Q,Dq`h.o.t.,

dB

dx
“ iλ0B ` riBP ` ASsp|A|2, I ,Q,Dq`h.o.t.,

dCj

dx
“ iλjCj ` iCjQjp|A|

2, I ,Q,Dq`h.o.t., pj “ 1, . . .Nq

dD

dx
“ 0,

dq

dx
“ D ` χ˚1 pψpA,B,C , Ā, B̄, C̄ ,D, τqq.

Higher order terms are independent of q.
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Truncated normal form

dA

dx
“ iλ0A` B ` iAPp|A|2, I ,Q,Dq,

dB

dx
“ iλ0B ` riBP ` ASsp|A|2, I ,Q,Dq,

dCj

dx
“ iλjCj ` iCjQjp|A|

2, I ,Q,Dq, pj “ 1, . . .Nq

dD

dx
“ 0.

First integrals : D, Q “ p|C1|
2, . . . , |CN |

2q, I “ ipAB̄ ´ ĀBq.
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We fix D, Q “ p|C1|
2, . . . , |CN |

2q

Ñ 1 :1 resonance with reversibility. Integrable system
(Iooss-Pérouème ’93).

dA

dx
“ iλ0A` B ` iAPp|A|2, I ,Q,Dq,

dB

dx
“ iλ0B ` riBP ` ASsp|A|2, I ,Q,Dq.

For τ « τk and |D| ` }C}2 ! |τ ´ τk | :

P “ p0pτq ` r |A|2 ` f I ` h.o.t.

S “ s0pτq ` s |A|2 ` g I ` h.o.t.

r , s, f , g , p0pτq, s0pτq P R, p0pτkq “ s0pτkq “ 0.



Pulsating traveling waves in FPU

dA

dx
“ iλ0A` B ` iAPp|A|2, I ,Q,Dq,

dB

dx
“ iλ0B ` riBP ` ASsp|A|2, I ,Q,Dq.

For τ « τk and |D| ` }C}2 ! |τ ´ τk | :

P “ p0pτq ` r |A|2 ` f I ` h.o.t.

S “ s0pτq ` s |A|2 ` g I ` h.o.t.

V pxq “ 1
2x

2 ` α
3 x

3 `
β
4 x

4 ` h.o.t, b “ 3β ´ 4α2

Wave velocity : ck “
1
τk

, 0 ă ck ă 1, ck dense in r0, 1s for p, k ě 1.

s “ ´16 rb ´ c2
k pb ` 2α2qs

Case s ă 0 ñ localized solutions, agrees with NLS (Tsurui ’72)
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Truncated system, τ « τk with τ ă τk , D « 0 with |D| ! |τ ´ τk |

dA

dx
“ iλ0A` B ` iAPp|A|2, I ,Q,Dq,

dB

dx
“ iλ0B ` riBP ` ASsp|A|2, I ,Q,Dq,

dCj

dx
“ iλjCj ` iCjQjp|A|

2, I ,Q,Dq, pj “ 1, . . .Nq

dD

dx
“ 0

s ă 0 ñ D homoclinic orbits to N-dim tori, N “ p ` 2pk ´ 1q.
Approximate solutions of the FPU system :

unptq « Apn´t{τq e´2iπm0n{p`

N
ÿ

j“1

pCjpn ´ t{τq e´2iπmjn{p q`c .c .`qpn´t{τq

with dq
dx “ D ´ 8α |A|2.
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Homoclinic orbits to 0 :

A “ ρpxq e ipλ0x`ψpxqq, B “ ρ1pxq e ipλ0x`ψpxqq

ρ2 “ s0pτqρ` s ρ3 ÝÑ

Case s ă 0
p s0pτ ă τkq ą 0 q

ψ1 “ p0pτq ` r ρ2
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Generic non-persistence of reversible homoclinics to 0 : heuristic
Case D “ 0, normal form for A,B,C1, . . . ,CN .
Phase space : dimension 2N ` 4. Stable manifold of 0 : dim 2.
Reversibility symmetry R : dim FixpRq “ N ` 2.

Fix (R)

0

Stable manifold of 0

Unstable manifold of 0
Fix (R)

splitting

Stable manifold of 0

0

Unstable manifold of 0

Truncated normal form Complete normal form

Stable manifold XFixpRq : 3N ` 4 conditions. ñ codimension N
(N ě p)
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Rigorous results : reversible piλ0q
2piλ1q resonance (N “ 1, τ « τ1)

-case p “ 1 (traveling waves)
-case p “ 2, V is even, invariance under ´σ : pynq ÞÑ ´pyn`1q

i
1

i
0

Fix (R)

0

Stable manifold of 0

Stable manifold of periodic orbit

• Splitting distance of W sp0q and FixpRq exponentially small in
|τ ´ τ1| (and does not vanish generically) : Lombardi ’00

• D reversible solutions of the complete normal form homoclinic
to periodic orbits with amplitudes Ope´c{|τ´τ1|

1{2
q (c ą 0).
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THEOREM 3 : Assume V is even and V p4qp0q ą 0
Exact FPU solutions : traveling breathers unptq “ p´1qnypn ´ t{τq
superposed at 8 on periodic oscillations, with τ « τ1 « 3 (τ ă τ1)

unptq “ p´1qn A pn ´ t{τq
looooooooomooooooooon

`p´1qn C1 pn ´ t{τq
loooooooooomoooooooooon

`c .c .` h.o.t.

Pulse Periodic wave

*Pulse : modulation of a plane wave with wave number q0 « 2.5,
*Periodic wave : modulated plane wave, wave number q1 « 0.8

Families of
reversible solutions :

"

´u´np´tq “ unptq preversible under Rq
u´np´tq “ unptq preversible under´Rq

For fixed τ (and up to a phase shift), each solution family is
parameterized by the amplitude of the limiting periodic orbit, with
lower bound Ope´c{|τ´τ1|

1{2
q (c ą 0).
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