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2 Non-smooth Dynamical Systems

A dynamical system is a system whose state
evolves with time. The evolution is governed by
a set of rules (usually differential equations).

A dynamical system can be non-smooth...

2.1 Continuous-time Dynamical Systems

smooth system

x(t) = f(t,x(t)) rhsis differentiable up to any order

non-smooth continuous system

x(t) = f(t,z(t)) rhsis continuous but non-smooth

Example: \\\\

mi + kx = fo cos(wt) — f(x) & fo cos(wt)
0, x <0
f(x):{kfag, x >0 A
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Filippov system

x(t) = f(t,x(t)) =

not everywhere

{f(t,:v(t)), zeV.

f_|_(t,€li(t)), 33€V+
rhs is discontinuous on hypersurfaces )/

replace with differential inclusion

(f-(t, (1)),

z(t) € F(t,x(t)) =  co{ f-(t, (1)), f+ (£, 2(t))},

almost everywhere | f, (t, (1)),

xrecV_
x c )
CB€V+

®

[

attractive sliding mode



Example: Fr

e

i

measure differential inclusion
de € F(t,x(t))dt + G(t,xz(t))dn or dax € dIl'(t,x(t))

with de = @(t)dt + (2™ (t) — = (¢))dn

A measure differential inclusion is able to describe
discontinuities in the state.



2.2 Discrete-time Dynamical Systems
A discrete-time dynamical system is described by a
mapping P : R" — R"

Yi+1 = P(yi)

The iteration parameter 1 defines a "discrete time".
The mapping can be iterated:

Yirz = P(yip1) = P(P(y;)) =: P*(y;)

Example: Predator-Prey Model

x; number of rabbits on Malta in year 2
y; number of foxes on Malta in year ¢

reproduction

J
Tiv1 = Ti(a — oy;) s
‘;preda’rion

Yig1 = yz‘(—b\Jr B;)

starvation




3 Steady-state Behaviour

A dynamical system expressed by
x = f(t,x) or ¢ € F(t,x)or de € dI'(¢,x)
with initial condition x(tg) = x( defines a solution curve

or trajectory in the state-space which we denote by
@p(t, to, o) or simply by x(t).

A solution of an initial value problem of a non-smooth system
is not always unique and might even not exist!

Some special solutions
equilibria, (quasi)-periodic solutions and chaotic solutions
are called steady-states of the system.

A limit point/set is a point or set of points in the state-space
which can be approached in forward or backward time.

attracting, repelling or saddle-type of steady-states are
limit points/sets.

3.1 Equilibria

An equilibrium x* is a point for which there exists a
solution curve ¢ (t,tg, ™) = x*forall t > g

i.e. an equilibrium is a constant solution of the system
and it holds that

0= f(t,x™) or 0 € F(t,z™) or 0 € dl'(¢t,z")



Types of equilibria of a linear planar system

Tr = Ax,

x € R?,

(A1, A2) = eig(A)

Node A1, o <0 or A, Ao >0 real

Ly

v, v,
) \\\ // / )
\\\ ) / / A
stable A\; < 0, Ay <0 unstable A1 > 0, Ao > 0

Focus )\1 — XQ . Im()\l,g) 7& 0, Re()\l,z) 7£ 0

Lo

a

\/

%
)

stable Re(\1,2)

<0

unstable Re(A

1,2) >0




<

nter )\1 = Xz, Im )\1’2 O, Re )\1’2 =0
xQ
ﬁ§ not a limit point!

-

/-




3.2 Periodic Solutions

Non-autonomous systems & = f(t,x)
A trajectory for which holds
(P(t, to, mO) — 90<t + Ta to, m())

is called a periodic solution. (7o, x()is a point on the
periodic solution. 1'is the period time and is the minimal period
for which the periodicity property holds.

Differentiation: (%, to, o) = @(t + T, t0, xo)
= f(t,z(t)) = f(t+T,x(t))

System is also periodic!

Generally f(t,x(t)) = f(t + 7, x(t))
with kr =T,  k=1,2,3,...

A periodic solution with T' = k7 is a called a period-£ solution.

period-2 solution

10



Autonomous systems « = f(x)
A trajectory for which holds
@(t,ta,ﬂjg) — (P(t—FT, taaajO) vta Vi

is called a periodic solution. ¢ is a point on the
periodic solution. 1'is the period time and is the minimal period
for which the periodicity property holds.

A periodic solution of an autonomous system can be
k -periodic with respect to a Poincaré map (as we will see..).

An isolated periodic solution of a system (autonomous or
non-autonomous), which is a limit set, is called a limit cycle.

Example:

Center

E 05 0 05 \i 5
infinitely many / * unstable focus
periodic solutions limit cycle (attracting)

11



3.3 Quasi-Periodic Solutions

Two frequencies w, and w, are incommensurate if
w, /w, is an irrational number.

A quasi-periodic solution is characterised by two or
more incommensurate frequencies.

Example:

T1 = T2

By = —w?zy + F cos(Qt) ) #w noresonance

21(t) = acos(wt) + bsin(wt) + ——gz cos(2) (%)
T2 (t) = —awsin(wt) + bw cos(wt) — —F 5 cos(Qt)

(%) is quasi-periodic
(x) is periodic with T' = 2Z = 2sec

A

X2

quasi-periodic periodic
dense solution on a torus

12



o
’y e/"),
3.4 Chaos oy, ,,%U
in, Cty,
smooth dynamical systems: \/ Yion <

Chaos in a deterministic dynamical system is bounded
steady-state behaviour that is not a equilibrium, periodic solution
or quasi-periodic solution.

A chaotic limit set is, when it is attracting, called a
chaotic attractor or strange attractor.

Example: Duffing system & + i — x + 2° = ~ cos(wt)

1
€= —, =03, w=1
1 Y
15 ‘
0.8}
1 | :\
05l 0.4» /’ N \
= 0 = 0 |
0.5
" ’ -0.4: {//
" .08 \ =
15

0 20 40 60 %0 100 120 140 160 180 15 ] 05 0 05 1 1.5

aperiodic oscillation with sensitive dependence on
initial conditions; fractal structure

Lyapunov exponents: er; = lim —ln|)\i(t)\

t—oo t K

Floquet multiplier

non-smooth dynamical systems: ??

13



3.5 Fixed Points

A fixed point y* of a system y; 11 = P(y;)
is a point which is mapped to itself

A point y™* which satisfies
y* = P*(y")

is called a period k-point and is a fixed point of Pk(y*) :

Quasi-periodic and chaotic solutions are also possible
in a discrete-time system.

Yiv1

NN

fixed points

14



4 Definitions of Bifurcation

Geometric Definition of Bifurcation O’hcape'
A bifurcation of a dynamical system (‘7905)

&= f(x, 1), © € F(x,p), deedl(wz, 1), yir1 = Py, 1)

is a change in the number of steady-states under
influence of parameter /..

A diagram depicting some scalar measure [xz] of z € R"
versus [, Where (x, 1) is on a steady state, is called
a bifurcation diagram.

Examples

&= —px — ox’ &= f(x,p)

x bifurcation |||

\/ point bifurcation
/ &~ point

change: 3-1-1 change: 2-1-2
=-bifurcation =-bifurcation

15



Homeomorph = identical after stretching and scaling

homeomorph
phase portraits

A homeomorphism is a continuous invertible map.

Topological Definition of Bifurcation May

The appearance of topologically nonequivalent e”’Oh'C,-O
phase portraits under variation of a parameter /. s
is called a bifurcation.

The geometric definition and the topological definition
agree for smooth dynamical systems.

16



phase portrait of a non-smooth dynamical system
i

Zam I 1Y

Vi

0.

(&

o

-0.5P

@B
HH

'
-
T

3 05 0 05 i 15

not homeomorph
phase portraitsl!|

topological definition £ geometric definition
for non-smooth dynamical systems

In the following, we use the geometric definition of bifurcation.

17



5 Bifurcations of Equilibria

An equilibrium branch is described by
0= f(z,u

Along an equilibrium branch it holds that

_Ofdx Of

0=
dxdn | o

slope of the branch:

dlz] dz]de  dlz] (8f)_1 of

0T dp — de dp dx \ 9= ou

with J(x, ) = g—£ regular = det(J) #0

If det(J) = 0, then s is undefined

) > )
\Sioo \ s not unique

fi fi

G G
[a_m a_ﬂ full rank [a_m a—ﬂ not full rank

18



5.1 Saddle-Node Bifurcation (Turning Point Bif.)

normal form: & = f(x, pn) = p — x*

equilibria: =7 =/t =5 = —\/p for p >0
2r Im]
A <0 )
p =<
z0r A=0 ) g Re
A> 0 eigenvalue goes
| . through zero
—2 0 2
U
of
Jacobian: J(z) = =—— = =2
(z) = 5~ x
0
eigenvalues: A\; = ) = —2\/1L
Ox S
of
Ao = — = 2
’ Ox r=x3 \/ﬁ
. . . Of
slope at the bifurcation point: W =1 =s==x0
7

19



non-smooth continuous system:

equilibria: =7 = x5 =—pn  for >0

— P —

1 Re

eigenvalue jumps

through zero

discontinuous saddle-node bifurcation

Jacobian: J(x) = — Sign(x) generalised differential!

(1 x < 0,
Sign(z) = ¢ [-1,1] x =0, set-valued sign-function
|1 x > 0.

eigenvalue jumps though 0!

or, eigenvalue is set-valued at bif.point with 0 in its set.

20



5.2 Transcritical Bifurcation

smooth: © = f(x,u) = pxr — x

2

x 0

2

x 0

A <0

A=
A <0 A >0

2

asymmetric
buckling

A>0

TO+F

discontinuous transcritical
bifurcation

ToOol

21



5.3 Pitchfork Bifurcation

smooth: & = f(x, 1) = px + ax® a=—1
2_
A <0 :
symmeftric
A=0 :
buckl
A <0 A>0 Hexiing
0
A<O0
—2 0 2
[

discontinuous pitchfork
bifurcation

22



5.4 Hopf Bifurcation

normal form:
i1 = pr, — wre + (ax; — Brg)(x? + 23) o= —1
io = wxy + pxe + (Bxy + axe)(x? + 23)
Jacobian at equilibrium: J = [’u —w]
w
eigenvalues: A1 2 = p £ iw
p= " Imf
p<p p>
A1
Re
*)\2
p< po>p
po=p"

creation of periodic solutions

eigenvalues go as a complex conjugated pair
through the imaginary axis

Transformation: 1 = rcos 6 To = rSsinf

3

r = pr+ar®  normal form pitchfork bifurcation

0 =w + Br?

23



Non-smooth continuous counter part:

Ty = -1 —wipt (] v} + a3 + p| =/t +$§—%M)

5’72—0‘)5’71—%24‘\/7 (Ivat + a3 + spul=|vat + 25—
~N

somewhat strange

Im)
Jump
RN
‘-\/
Re
~
P
Jump
discontinuous Hopf bifurcation
after transformation in polar coordinates:
: 1 1 . . . .
r=—r+|r+ §u| —|r — §u| discontinuous pitchfork bif.

0 =uw



ier example of a discontinuous Hopf bifurcation

An eas
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| 5
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8 R o

e — )

3

2

1 —

generalised Jacobian: J(z, i)

gJ+ + (1 —q)J-
convex combination

Jgqel01]} Jy=

J(0)
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5.5 Multiple Crossing Bifurcations

Single crossing bifurcation:
one (pair) of eigenvalue(s) of the set-valued
generalised Jacobian crosses the imaginary axis once

Im]| Imf

o Jump
X /)\1’\/ “
T 1T Re Re
Ao O

eigenvalue jumps A -7
Jjump
through zero

Much like classical bifurcations in smooth dynamical systems

Multiple crossing bifurcation:
one (pair) of eigenvalue(s) of the set-valued
generalised Jacobian crosses the imaginary axis more than once

Im] /_\._Im“
)\1 AN >\1 \)Jump
) Jump - — T
¢ __/I_ o Re Re
/ - e ~ .
A2 / A2 yJump
\__/ \/._ __ |

Much more complicated than single crossing bifurcations

26



Combined Hopf and turning point behaviour

T1 = X2
Ty = —T1 + |x1 + p| —

generalised Jacobian:

0 1
J(wmu) T [<]21 ,]22]

Im
%A
e
AT [ A
——————— — — Y—o—
\ Re
, \
two crossings of
X \..)\_
2

the imaginary axis

non-smooth system

27 periodic
sol.
g
&
2o
= multiple
crossing
bifurcation
—2 0 2
I

Jo1 = —14Sign(x1 +p) —
Jao = —1—Sign (s +p) + Sign(wz — )

z1 — pf = z2 — |z2 + p| + |22 — p

Sign(x1 —p)

tr 101
JT=J0,p<0)= [_3 1]

_ 1 1
)\1,2 = 5 :|:Z§‘\/ 11
. 0 1
JY =J(0,u>0) = [1 _3]

AT ~ {0.30, —3.30}

smooth approximating system

27 periodic
sol.
&
C;é 0 Hopf/ pitchfork
bifurcation oif
2 & g

27
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6 Bifurcations of Fixed Points

Nonlinear map: P : R" — R"
Yir1 = P(y;)
Fixed point: y* = P(y*)
6.1 Linearisation around a Fixed Point

Perturbation:

Y=y +x; ;]| < 1

Substitution and linearisation:

Yy +xip1 =Py +x;)

oP
oy -
Study the linear map:
oP
— Ty = sz A= —
oy -

29



6.2 One-dimensional Linear Maps

Yit1 = ay; acR y"=0

Y1 = ayo
2
Y2 = ayr = a Yo
Yn = " Yo
stable unstable
a = 1/2 a = 2
Yir Yi+1
! ¢* ******* 1+ [~
~ A
) ; ;
i | L AT
§ A
3 /au
Il (I) i yZ‘ 1 (I) yZ
a=—1/2 \ a=—2
Yir1 Yin
1 1+ \ -
AEENNY A
‘A ,,,,,, i
T , !
+ |
Il (I) i yj |1 (I) yl

30



6.3 Turning Point Bifurcation

Yirl = Yi + 1 — i

fixed points: y* = y* + u — (v*)* = Y10 = £/l

Im}

A<l Al =1

\J

N

A>1

2 eigenvalue goes

0
L

through unit circle

31



non-smooth continuous map:

Yir1 = Vi + 1t — |yi]

fixed points: y* =y" +p— |y*| = Yy, =+u >0

2r Im!
Al =1
* N
Yo A=[2.0 K> TR
—2 eigenvalue jumps

discontinuous turning-point bif. through unit circle

Yi+1

=1 .

I o similarly:
0 discontinuous pitchfork

Iu p—

or &
n=—1 discontinuous transcritical
-1 +
/ bifurcation
| |
-1 0 1 y’L

32



6.4 Flip Bifurcation
yir1 = —(1+ )y +y; vl <1 Jul <1

y* = 0 unique fixed point for \M\ <1

eigenvalue: A = —(1 + u)

Imh
Al =1
N \ eigenvalue goes
< /1 Re through -1
y*
A= —1
/ stability is exchanged...
0r A<l A>-l is there a bifurcation?

o
=

33



Yi+1
yiio| Py P*(y)
1/2
in!
N Yt =y flip
12 |-
Yz
| |
172 12 Y

A flip bifurcation of the

period-1 map is a

) pitchfork bifurcation of the

period-2 map

34



continuous flip bifurcation

| P(yi)
yz'+1 Yit1 P(y@) Yisr =
Yi+2 P(yz) Yi+2 Yi+2
P*(yi) P2(y:)
7P (yi) N
Yi Yi Yi
p< pt p= p>
discontinuous flip bifurcation
Yi+1 Yi+1 yi—|—1‘ P(yz) ..........
Yitr2 L (yi) Yit2 P(y:) g Yit2| -
P?(y:) ()
(N
Yi Yi Yi
p<p p=p p>pt
Imh
Al=1
\ eigenvalue jumps
Re through -1

/1

35



6.5 Naimark-Sacker Bifurcation (2“°I Hopf bifurcation)

Tit1 = 0z — vy, + v (ad + y7)
Yir1 = va; + 0y; + yyi(z? + y2)

Imﬂ

1%
w = arctan (—)

0

complex pair of eigenvalues

crosses the unit cricle

If wand 27 are commensurate, kw =n-2w, kn €N
then a period-k solution is created/destroyed.

If wand 27 are incommensurate,
then a quasi-periodic solution is created/destroyed.

36



6.5 The Logistic Map

A simple nonlinear map can have very complicated dynamics

Yiv1 = P(yi) = rys(1 — y;) 0<y<1l r>1

Fixed points: y* = ry*(1 — y*)

1
y1 =0 Vr and y;,=1—-¢€[0,1] forr>1
r

1

Yi+1
non-invertible

map!

. OP
stability: — =17 — 2ry
Ay
)\1 =T )\2 = —r + 2

Y5 stablefor 1 <r <3
Ao goes through —1 at r = 3 = flip bifurcation

37



0.9

0.8

0.7F A

0.5

Yi+1

0.4

0.3

0.2

0.1

Yi

Logistic map, r=3.4

0.9

0.8}

0.7
oy 0.6-
g 051
04r
03
0.2

0.1

0 1 1 1 1 1 Il 1 Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Yi

2nd iterated Logistic map, r=3.4
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0.9

0.8

0.7r

0.6

0.5

Yi+1

0.4

0.3

0.2F

0.1F

Yi

Logistic map, r=3.5

09

0.8}

Yi+2

o
W

0.3

0.2}

0.1

0

1 Il | Il 1 Il | 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Yi

2nd iterated Logistic map, »=3.5
39



0.9

0.8

0.7

0.6

Yi+1

0.5

0.4

0.3

0.2

0.1

i
il
i

0.1

0.2

0.3

0.4

0.5 0.6

Yi

0.7

0.8

0.9

Logistic map, r=3.8

0.9

0.8

0.7

0.6

0.5

Yi+3

0.4

0.3

0.2

0.1F

|/ A
1B

—

(A

][

T

0.1

0.2

0.3

0.4

0.5 0.6

Yi

0.7

0.8

0.9

3rd iterated Logistic map, r = 3.8
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Logistic map, Bruteforce-diagram
1 T T T

0.9+

07+

y sk

05+

041

02+

0.1+

Logistic map, brute force diagram

Logistic map, Bruteforce-diagram, zoom
T T T T T

34 342 3.44 348 348 35 3.52 3.54 3.5¢ 3.58 36

Logistic map, brute-force diagram zoom



1

09

0.8}

0.7r

0.6

0.5

Yi+1

0.4

0.3

02F

0.1F

0

1 1 | 1 1 1 | 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Yi

Logistic map, r =3.835

1

0.9}
0.8}

0.7F

0.6

0.5

Yi+3

0.4

0.3

0.2

0.1F

0

1 | 1 | 1 | 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Yi

3rd iterated Logistic map, r = 3.835



6.6 The Tent Map

Yi+1
Yi+2

P(yz’)
mﬂ(yi)

creation of infinitely many

Yi

unstable branches

=instant chaos

brute-force
bifurcation 0.2
diagram

Yi+1
Yi+2

1.0

Yi+1
Yi+2
P(y:)
P (yi)
P?(y;)
P?(y:)
Yi Yi
B>

eigenvalue jumps
through +1 and -1

0.6

Yy
0.4 _

0.0

1.0

1.2 1.4 1.6 1.8 2.0
r



7 Bifurcations of Periodic Solutions

7.1 Stability of Periodic Solutions
& Ax(ty) Ax(to)

f(x*(to))
xP(to)

Fundamental solution matrix ®(t)describes the influence of
small perturbations:

Ax(t) = ®(t)Ax(tg) + H.O.T.

_of

Smooth systems: & (t) = 5
T

(1) D(ty) =1
zp ()

®(t) is a local linearsation around the periodic solution!
Monodromy matrix: &1 = ®(7T))
Floquet multipliers: (A1,...,\,) = eig @1

describe the exponential convergence/divergence of

the perturbed solution w.r.t. the periodic solution

44



Autonomous systems: phase of the periodic solution is not fixed
if Ax(tg) = f(xP(tg)) then
Aw(to) == AiB(tO + T) — (I)TAZL‘(to)

f(xP(to)) = @7 f(x"(t0))

f(xP(ty)) is an eigenvector of & with eigenvalue \; = 1

A

Im

unstable

stable Im
1

If all Floquet multipliers, which are not associated with the
freedom of phase, are within the unit circle, then the
periodic solution is stable and attractive.

45



7.2 The Poincaré Map

X2

CIZf
Poincaré map  y;11 = P(y;)
periodic solution y* = P(y*)
period-2 solution y*= P(P(y*))

The Poincaré map transforms a
continuous-time system into a discrete-time system.

The n — 1 eigenvalues of

oP
A — a—
Y |y
are identical to the n — 1 Floquet multipliers Ao, ..., A,
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Example: Stick-slip Oscillator

1.5

0.5

-0.5

-1.5

Y

Fr
h
_/ Fs
kK | I
I O Urel
. S—— C
Pr —Faf e
_F,
Vdr
Vi
V_ /
B T
0 03 1 15 > 23 3
i
3
non-smooth >
. Q_‘ 2.5
continuous map! |
T
=
1.5 2 25 3
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c = 0.25

257 c = 0.3085 l
§
A
T
>

2 _

turning-point
bifurcation
1.5 : :
1.5 2 2.5 3

Yi

discontinuous turning-point bifurcation in the Poincaré map

0

discontinuous fold bifurcation of the periodic solution

If the eigenvalues of the Poincaré map jump,
then also the Floguet multipliers jump!
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7.3 Overview of Bifurcations

Bifurcation in the
Poincaré map

Bifurcation in the
continuous-time system

turning-point
bifurcation

saddle-node bifurcation (eq.)
or

fold bifurcation (per.sol.)

transcritical
bifurcation

transcritical
bifurcation (eq.)

pitchfork bifurcation
in the period-1 map

pitchfork
bifurcation (eq.)

or

Hopf bifurcation
(eq.+per.sol.)

flip bifurcation
in the period-1 map

pitchfork bifurcation
in the period-2 map

period-doubling
bifurcation (per.sol.)

Naimark-Sacker
bifurcation

Naimark-Sacker
bifurcation
(per.sol.+quasi-per.sol.)

can all be discontinuous!



7.4 Saltation Matrix for Filippov Systems

Filippov system:

(- (t,z(t)), T eV
©(t) € F(t,xz(t)) = {co{f-(t, (1), f+(t,z(t)}, zeX
almost everywhere | f+(t (1)), x eV,

- s of
variational equation: ®(t) = —— b (1) d(tg) =1
Oz xp(t)
. Of .
Jacobian: F. does not exist everywhere!

xp (1)

The fundamental solution matrix jumps ®(¢,.) = S®(¢,-)

with the saltation matrix S =1 +




Spa=8SpSa

if A and B are infinitely close to each other:
S4= Sgl —>Spa=1I —>nojumpin®r

SAF# Sgl —> jump in®




7.4 Trilinear Spring System

SO

k¢ % Frlcf L Iir‘c

fo sin(wt)

T.

kg = ¢
AN NN NNNNNN

supports are massless

Vector field jumps if contact is made

|

Filippov system
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221’ Zla

Vs
o 21

higo(2,2) = x — x,

hip(x,2) = kf(x — x.) + cf2

hoo(2,T) = x + x,

hgb(m,jﬁ) = kf(x + ZEC) +crx
1 0

Sla:S2a_ [_C_f 1] Slb:S2b:I

saltation matrices on each side of the
corner points are not each others inverse:

Sia # Sy, Sou # S5,
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A

discontinuous fold

bifurcation

<—fold bifurcation

251

1.5

0.5~

wal wp 1.5 2

w [rad/s]

jump

>\§

0.5 wa lwg 1.5

w [rad/s]
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7.5 Stick-slip System with External Excitation

T
k
fo cos(wt) non-autonomous
: Filippov system
—_—
Fr o
—
Vdr
A 1 B C VILVIII
\ B C
— 2
£
11T
<
1.5 1l
15 16 17 18 1.9 2166 1.68 17 172
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7.6 The Woodpecker Toy

Pfeiffer (1984)
Glocker (1995,2005)
Leine (2003)

0

To

———

J

mar, Jar

has
gl 7. 50
YM

___-o0ot \ 1 -
-i- -0.02 - * .
> .
003 | sleeve dlsplacemer\ 1
-0.04 | l l l - ! o~
0 0.05 0.1 0.15 0.2 0.25
— 01f 3 2.6
£° sleeve rotation |4
= 005
0.1 1:-2 7 ° §
0 0.65 0‘1 0.‘15 0‘2 0.‘25
— o~ body rotation
£ 0
n
Q.04
0 0.65 011 0.‘15 0i2 0.‘25
t [s]
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O [rad/s]

35
30l sleeve rotation

o
_—
w

0 1,2,7,8 4 356
50 i
-10+ 7 :

02 015 01 005 0 0.05 0.1 0.15

body rotation \/3/~ 4

06 05 04 03 02 01 0 01 02

s [rad]



The dynamics is described by a one-dimensional map

0.2

0.1} (2 2

M

PYs

PSkt1

PSki1 — P<¢Sk)

Y Sk

| | ! ! ! ! I I I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

t [s]

jumps in the map!

-05F

YPSki1

ENT — 05
-1.5¢

_25 | 1 | 1 |
-2.5 -2 -1.5 -1 -0.5 0

P Sk



Map of period-1 solutions

0
-0.5
M.
<)
s lf
Rl
o)
S>-
-1.5F
stable solution
2 unstable solution
marginally stable solution
discontinuous map crossing ............
_25 | | 1 | | | 1 | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

EN1



Map of period-1 and -2 solutions

0

stable solution
unstable solution

marginally stable solution

discontinuous map crossing ............

_25 | | | | | | | | |
0 0.1 02 0.3 04 0.5 0.6 0.7 0.8 0.9 1
EN1
2
P
Yit1 Yivo - L

>
\
s
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